1 Dynamical Systems

Difference Equations: For degree n system, n < m for causality:
y(k) +ary(k — 1) + - - + any(k — n) = bou(k) + - - - + bnu(k — m)
oo
Z-Transform: Z {z(k)} = X(z) = Z z(k)z"k,zeC
k=0
Fwd. Shift: Z {z(k+m)} = 2™ X(2) (no IC); Z{x(k+ 1)} = 2X(2) — 2X(0)
SS to TF: G(z) = C(zI — A)"'B+ D € RPX™,
TF to SS: G(z) = N(2)/D(z) = D(2)V(z) = U(z), N(2)V(z) = Y (2); inverse
Z-transform to get DE, and let z(k) = [v(k) v(k+1) -~~]T, rearrange to get
state eqn. from first and measurement eqn. from second.
k—1
Time Response: (k) = A¥z(0) + Z AF=1=2By(4), consisting of initial state
i=0
response and input response (not transient and steady-state).
Matrix Power: AF = Z=1 {(2] — A)~1z} 2(0) = PAFP~1, P~1AP = A
Poles & Eigenvalues: All poles are eigenvalues, but not all eigenvalues are poles
(pole-zero cancellation); a stable transfer function does not imply stable states.

Qualitative Behaviour: Real distinct poles: Z~! {ﬁ} = p¥; decay if [p| < 1,
steady if |p| = 1, unstable if |p| > 1, alternating if p < 0.
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decay (smaller is faster, > 1 unstable), w is oscillation frequency.

2 Stability
Equilibrium: Z is equilibrium of z(k + 1) = f(k,z(k)) if z = f(k,Z).

Conjugate poles: Z~1 {(zfrejw)z(

Stability: Vko > 0,e > 0,35(c,ko) > O st |lwo — Z| < & —
lz(k; ko, o) — Z|| < &,Vk > ko.
Asymptotic Stability: Stable and 3§(ko) > 0 st. |0 — Z|| < § =

limg 00 z(k; ko, o) = T (attractive).

Uniform Asymptotic Stability: A.S. and § does not depend on kp.

Global Asymptotic Stability: A.S. and (ko) can be arbitrary large, i.e. all
initial conditions converge to . G.U.A.S. if also U.A.S.

Exponential Stability: 3¢, > 0,A € (0,1) s.t. |lz(ko) —Z|| <6 = |lz(k) —
Z|| < c||lz(ko)||\F~*0,Vk > kq. Implies U.A.S.; G.E.S. if § can be arbitrarily large.
Positive (Semi)Definite: V : R™ — R is positive definite at 2 =0 if V(0) =0
and V(z) > 0,Vx # 0; or positive semidefinite if V/(0) = 0 and V(z) > 0, Vz.
Class Koot k : [0,00) + [0,00) is class Koo if K(0) = 0, zli)rréo k(s) — oo, and

strictly increasing on [0, 00).

Radial Unboundedness: 3k € Koo st. V(k,z) > s(||z]),VE > 0,2 € R™
Usually can just show 3e1 > 0 s.t. V(k,z) > c1|z||? (stricter condition).
Forward Difference: For time-invariant systems, AV (z) = V(f(z)) — V(z); For
time-varying systems, AV (k,z) = V(k + 1, f(k,z(k))) — V(k, z(k)).

Main Theorem of Lyapunov: Let the Lyapunov function V : Ng x R™ — R
positive definite such that V(k,0) = 0,Vk. If AV (k,x) is negative semidefinite
in z, then Z = 0 is stable. If AV (k, ) is negative definite in z, then z =0 is A.S,;
if V' is also radially unbounded, then z = 0 is G.A.S.

Exponential Stability Theorem: Let D C R™ with z = 0 € D; z is E.S.
= IV :Np x R" = R and c1,c2,c3 > 0 st. ciz)|? < V(k,z) < cafjz||? and
AV (k,z) < —cs|z]|2,Vk < 0,2 € D. If D = R", then 7 = 0 is G.E.S.

Schur Stable: A is Schur stable if |A\| < 1,V\ € o(A), i.e. all eigenvalues of A
are inside the open unit disk in C.

Stability of LTI Systems: For xz(k + 1) = Az(k), Z = 0 is G.E.S. if and only
if A is Schur stable; z = 0 is stable if and only if |A\| < 1,VA € o(A), and any
eigenvalues |A\| = 1 have a Jordan block of size 1.

Lyapunov Equation (LTI): z = 0 is G.E.S. iff VQ € R**" Q = QT,Q > 0,
there exists a unique P € R**"* P = PT P> 0 st. ATPA— P =—-Q. G.ES.
can be shown with only one Q using V(z) = 27 Pz, AV (z) = —z” Qz, and that
Amin (P)[[]* < 27 Pz < Amax(P)]*.

3 State & Output Feedback Stabilization

Controllability: The LTI system (A, B) is controllable if rank(Q.) = n, where
the controllability matrix Q. = [B AB A"ilB].

Pole Placement Theorem: If (A, B) is controllable, then for any desired
symmetric spectrum {A14,...,And },Nig € C, there exists a state feedback
u(k) = Kz(k) with K € R™*" such that o(A+ BK) = {A14,---,A\nd }-
Controllable Canonical Form: A single-input system (A, B) is controllable if

and only if there is a coordinate transform P = Q.T',z = lex where the resulting
system z(k +1) = P~ APz(k) + P~ Bu(k) = Az(k) 4+ Bu(k) has the form

0 1 o --- 0 0 a; ag -+ ap—1 1
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where a; are coefficients in det(sI — A).
Deadbeat Control: If (A, B) is controllable, then by assigning o(A + BK) to
all zeros, z(k) — 0 in exactly n steps, i.e. z(n) =z(n+1)=---=0.
Stabilizability: (A, B) is stabilizable if 3K € R™*P st. o(A + BK) is in the
open unit disk in C, i.e. the closed-loop system is asymptotically stable.
Controllable Eigenvalue: A\ € o(A) is controllable for the system (A, B) if
rank ([A—X B]) =n.
PBH Test: (A, B) is controllable if and only if every A € o(A) is controllable.
(A, B) is stabilizable if and only if every |A| > 1 is controllable.
Observability: (C,A) is observable if rank(Q,) = n, where the observability
C
CA

matrix is Q, = . This is equivalent to QT for the dual system (AT, CT).

cant
Detectability: (C,A) is detectable if there exists L € R™ P such that
Al < 1,VA € o(A—-LO).
Duality: The system (C, A) is:

1. Observable if and only if (AT, CT) is controllable.

2. Detectable if and only if (AT, CT) is stabilizable.

3. Observable if and only if rank ([AZJ\I]) =n,VX € o(A).

4. Detectable if and only if rank ([ABAI]) =n,V\ € 0(A) where |A| > 1.
State Observer: Z(k + 1) = Az(k) + Bu(k) + L(y(k) — §(k)), §(k) = Cz(k); the
estimation error (k) = (k) — (k) has dynamics Z(k + 1) = (A — LC)z(k).
Separation Principle: To stabilize (A, B, C) through output feedback, we can
separately design a state feedback stabilizer and observer, then u(k) = K#(k)

asymptotically stabilizes the system. The closed-loop system has dynamics
BK

ETD) =1 A2 [56)
4 Adaptive Control

loo-Norm: ||z, = supy>ollz(k)||; denote (k) € loo if ||z|;,, exists.

lo-Norm: ||z|l, = /> reollz(k)||?; denote z(k) € l2 if ||z||;, exists.
Persistent Excitation (PE): w(k) € R? is PE if 350 > 0,N € N and

k+N-—1
1
N >0 st fol < WkN) = = > wrw'(r),vk € No where A < B
=k

denotes zT Az < 2T Bz, Vx € RY.
Gradient Law: (k + 1) = ¢(k) — v(k)e(k)w(k), v(k) = W,a € (0,2).
e(k) — 0 is guaranteed but 121(k:) — 1) requires the regressor be PE.
Static Error Model: Given measurements y(k) € R, known regressor w(k) € RY,
linear model y(k) = T w(k), recover unknown ¢ € RY.
Define parameter estimate {b(k), output estimate § = &T(k)w(k), and prediction
error e(k) = (k) — y(k) = DT (Kyw(k) — wTw(k) = BT (yw(k). Update p(k)
using gradient law.
Error dynamics ¢k + 1) = I — ~vk)wk)w? (k)dk). Assuming
w € loo, then (k) = 0 A.S. by Lyapunov with V = ||4(k)||?, AV =
~lw 2 ~ ~
— (k) (2 - %) (k). 1 € loo, 1 € loo, € € Iz, e(k) — 0.
Model Reference Adaptive Control (MRAC): Given system z(k + 1) =
Azx(k) + Bu(k), reference z,(k + 1) = Arzr (k) + Brr(k), with known A, B, A,
Schur stable A, unknown B, assume r(k) = T w(k), goal is z(k) — zr (k).
Use controller u(k) = Kxz(k) + 97 (k)w(k) for K € R1X" | estimate ¢ (k) € RY.
By imposing matching conditions A, = A 4+ BK, B, = bB,b € R, the tracking
error (k) = (k) — (k) dynamics are Z(k 4+ 1) = A-3(k) + BT (k) — by )w(k)
which converges if 17)(16) — bip.
Dynamic Error Mode~l: Given measurable error state xe(k) with model
ze(k 4+ 1) = Axe(k) + BypT (k)w(k) with known A, B, Schur stable A, known
regressor w(k), let e(k) = BT Px.(k) where P = PT P = 0, ATPA — P = I; goal
is ¥(k) = ¥(k) — ¢(k) — 0.
Let H(z) be the system transfer function so e(k) = H(z) [{pT(k)w(k)] Let
§(k) = H(z) [T (kyw(k)], then e(k) = §(k) — wT H(2)1 [w(k)], and let é(k) =
9(k) — 9T (k)H(2)I [w(k)]. Let the augmented regressor wq (k) = H(2)I [w(k)],
and the augmented error eq (k) = e(k) — é(k) = T (k)we (k) + (k) where (k) — 0.
Now use gradient law with eq (k), wq (k) in place of the normal error and regressor.
Assuming w € I, then 121 € loo, €a € loo N2, and eq(k), e(k) — 0.
Swapping Lemma: Let discrete signals 7,2) : Ngo — R? and w : Ng — RY,
and transfer function H(z) = C(zI — A)"!B be stable with no pole-zero
cancellations, then T (k)H(2)I w(k)] — H(z) [@?}T(k)w(k)} =

m(k+1) = A (k) + Bw™ (k), 7(k + 1) = Af(k) +m (k + 1)@ (k + 1) — (k).

cij(k) where



5 Optimal Control
Finite-Time Optimal Control: Given a system z(k + 1) = f(k, z(k),u(k))

where z(k) € X, for k € 0,1,...,N—1, we want to select a control
m={u(0),u(1),...,u(N — 1) | u(k) € Uy(xz(k)) } € II(x(0)) to minimize the cost
T (2(0)) = rn(@(N) + Y ri(a(k), u(k)).

k=0
We wish to find the value function J*(z(0)) = min J™(2(0)) and an optimal

r€(z(0))
control * € M(z(0)) such that J™ (x(0)) = J*(x(0)), for each z(0) € X.
Principle of Optimality: Suppose 7* = {u*(0),...,u*(N —1)} € II(z(0)),
with states {z(0),2*(1),...,2*(N)}, then for any j € {1,...,N—1},
the control @ = {u (4)s *(j 1),...,u*(N —1)} and sequence of states
{z*(j),z*(j+1),...,2*(N) } is optimal for the sub-problem with 2*(j) as initial
condition.

Dynamic Programming (Finite Time Horizon): At each time step,
compute the optimal cost Vz(k) € X, using the principle of optimality
and the optimal cost in the next step: Jy(z(N)) = ry(z(N)), Jp(z(k)) =

i{rzir%k)){r(ac(k),u) + Ji+1(f(z(k),uw)) }. The optimal input sequence 7* is
uel(x

recovered by noting which input we chose at each time step.
Infinite-Time Optimal Control: Select a policy m = { o, 1, - - -

Z ¥or(z(k
0) = ;2% {V7(@o) }-

)= uegll(fxo) {r(zo,u) + V" (f(z0,w)) }-

Denote (THV)(z) = r(x, u(z)) + vV (f(x, u(x))) so V* = TV*.

Bellman Equation: V¥(zg) = r(zo,pu(zo)) + YV*(f(zo, u(z0))) (stationary
policy p). Denote (THV)(x) = r(z, w(x)) + vV (f(z, p(x))) so VF = THVH,

Value Iteration: Initialize with any V° > 0.

VItl =TV = VIitl(z) = emf {r(z,u) + YWV (f(z,

} to minimize

the cost V™ (z0) 1 (z(k))) where v € (0,1) is the forgetting factor.

The optimal cost is V (x
HJB Equation: V*(zg

Until convergence, do

u)) }.

Policy Iteration: Initialize with any admissible feedback 19 = M. Repeat: 1.
Policy evaluation: solve V* (z) = r(z, 17 (z)) + vV* (f(z, i/ (x))),Vo € X. 2.
Policy improvement: /1! (2) = arg min { r(z, u) + AV (f(z,w)) }.

wel(x)
LQR Control: For an LTI system x(k + 1) = Axz(k) + Bu(k), quadratic
cost J(zo) = %Z;‘;OxT(k:)Qx(k) + uT(k)Ru(k) where Q = QT,Q = 0,

R=RT,R> 0. V(a(k) = % (7 (R)Qu(k) + 1™ (K)Bis(k)) + VF (a(k + 1)).

For p(z(k)) = —Ka(k), V*(x(k)) = 227 (k)Pz(k) where P = PT, P > 0. The
Bellman equation reduces to (A — BK)TP(A—- BK) -~ P+ Q+ KTRK = 0.
Given value function, K = (R + BTPB)"!BTPA. Substitute to get discrete
algebraic Riccati equation: P = ATPA+Q — ATPB(R+ BT"PB)~'BTPA.
Unique positive definite solution for P exists if (A, B) stabilizable and @, A detectable.

6 Reinforcement Learning

Goal: Learn the optimal stationary policy p*(z) online and without knowing the
system z(k + 1) = f(z(k), u(k)).

Value Function Approximation: V*(z) = T w(k)

Q-Function: Q*(z,u) = r(z,u) + YVH(f(z,u)), satisfies Q*(z,u) = r(z,u) +
1@ (f (@, w), u(f (2, w))). V() = min Q" (z,u), p*(x) = arg min Q" (z,w).

Q-Function VI:
Q@) = r(@w) + min 1Q (@, u), ).

Q-Function PI: Imtlahze Wlth any admissible feedback u® = M. Repeat: 1. Policy
evaluation: Q*’ (x,u) = r(z u) + 'yQ“]( (cc,u_),;ﬂ (f(z,w))),Vz € X,u € U(z).
2. Policy improvement: p/t!(z) = arg min Q*’ (z, ).

ueU(x)
TD Error: e(k) = r(z(k), u(z(k))) + yVF(z(k + 1)) — VF(z(k))
Q-Learning: Approximate Q*(z,u) = vTw(z,u) and use the fact that
Q (w(k), u(k)) — AQH (a(k + 1), u(x(k + 1)) — r(2(k), u(k)) = e(k) = 0. Let
v(k) = w(z(k), u(k)) — yw(@(k +1), p(z(k +1))) then YT v(k) = r(z(k), u(k)).
Policy evaluation: Let prediction error e1 (k) = (/)7 (k)u(k) — r(z(k), u(k)) and
new regressor v(k) = w(z(k),u(k)) — yw(z(k + 1), 7 (z(k + 1))). Update using
gradient law 71 (k + 1) = 71 (k) — 71 (k)e1 (k)v(k) until convergence of ¢+,
Add probing noise to u(k) for PE, so u(z(k)) # u(k).

% = % <1Z;j+1w(:r,u)> =0 for u as a function

Initialize with any Q° > 0.

Until convergence, do

Policy improvement: Solve
of = to get p/tT.
7 Regulator Design

Regulator Problem: For z(k) € R™, u(k) € Rm ,e(k) € RP
xz(k + 1) = Az(k) + Bu(k) + Ew(k), w(k + 1) = Sw(k), e(k)

,w(k) € R? and
= Cx(k) + Dw(k)

design regulator u(k) such that: 1. The unforced closed-loop system (w(k) = 0)
has an A.S. equilibrium, and 2. When w(0) # 0, klim e(k) =0.
—00

Regulator Equations: I1S = AIl+ BI'+ E, 0 = CI + D, where xss(t)
uss(k) = T'w(k) gives steady-state solutions for e(k) = 0.

Solution exists if (A, B) controllable, (C, A) observable, and VA € o(S), |\ = 1,
A has algebraic multiplicity 1, and det[A M B } # 0 (nonresonance).

z(k+1) = Az(k) + Bu(k) — Bl'w(k)
e(k)=Cxz(k)
Controller: u(k) = us(k) + wim (k) = Kz(k) + Fw(k’) = Kz(k) + (T — KIT)w(k)
Partial Measurement: Assume ([¢ D], [4£]) = (Ce Ac) observable;
Build observer: z(k + 1) = Az(k) + Bu(k) + Edw(k) + Li(e(k) — é(k)),
ok +1) = Sao(k) + Lo(e(k) — &(k)), (k) = Ca(k) + Di(k).

Estimation error dynamics [2((2:11))] = (Ac — []L“;]CC) [ g ((’}?) ]

= Tw(k),

Coord. change: z(k)=x(k)—Hw(k) = {

8 Adaptive Regulation
Adaptive Regulator Problem: z(k + 1) = Axz(k) + Bu(k) + E¢(k),
&(k+1) = S¢(k), e(k) = Cx(k) + DE(k) where S, E, D are unknown.
Nikiforov Canonical Representation: Let d(k) = I'é(k). Assuming regulator
equations are solvable, then for all controllable (F,G) where F' Schur stable, if
(T, S) observable, o(F) No(S) = @, then AM st. MS = FM + GI' and M
invertible. Let w(k) = M&(k) so d(k) = TM " w(k) = ¢y Tw(k), then:

wk +1) = Fw(k) + Gd(k) = (F + GpDw(k)  d(k) = »Tw(k)
Disturbance Observer: 24(k + 1) = A%4(k) + Bu(k) + Lg(e(k) — C24(k)),
A — LyC Schur stable. Error Z4(k) = 24(k) — 2(k), Za(k + 1) = AqZzq(k) + Bd(k)
where Ag = A — LqC. Let dg(k) = C%gq(k) = CZz4(k) — e(k) (measurable).
Let Hy(z) = C(zI — Aq) !B, then dy(k) = Hq(z) [d(k)].
Steady-State Matching Lemma: For the Nikiforov exosystem and distur-
bance observer, 3z4(0) such that the steady-state dy(k) from the LTI system
za(k + 1) = (A — LgC)zq(k) + Bd(k), ds(k) = Czq(k) can be generated by
wi(k+1) = Fwy(k) + Gds(k), df(k) = Twy(k), and there exists a nonsingular
Hy € R?%9 such that w(k) = Hpwy(k).
Intuitively, because d (k) is d(k) filtered through an LTI system, it can be generated
by a system with the same (F', G,) as the system generating d(k), with the states
differing by only a coordinate transformation.

wy Observer: wy(k+1) = Fuwg(k) + Gdy(k) =
Effective Disturbance:
d(k) = Te(k) = w7 w(k) = w7 H 'y (k

)=

Kreisselmeier Filter: Directly estimate w(k):

no(k +1) = Fno(k) + FGe(k) m2(k+1) = Fna(k) + Gu(k)

m(k+1) = Fni(k) — Ge(k)  w(k) =no(k) + Ge(k) — An(k) + Bz (k)
Controller: u(k) = ts (k) + im (k) = us(k) + T (k)ivs (k)
Stabilizer: us(k) = K25(k), 2s(k + 1) = A%(k) + Bus(k) + Ls(e(k) — Czs(k))
where A+ BK and A — LsC Schur stable. If A Schur stable, can use us(k) = 0.
Adaptation: Let @a(k) = Ha(2)I [@(k)], then dy(k) = ¢} (k)Wa(k) (swap-
ping lemma). Let [if(k) = fb?ﬁ;a (k) (measurable) and augmented error
ea(k) = dy(k) — dy(k) = T iwa(k). Gradient law:

Yk +1) = ¥pk) —v(k)ealkjwalk) (k) = T o (k)Hgﬁ €(0,2)

If us(k) = 0 (A) Schur stable, can also use dynamic EM for the z(k) system.

9 Useful Identities

Fivg (k) + G(Cza(k) — e(k))

Vi wg(k) =i wg(k) +ek)

rk)=k = w(k+1) =2 }]w(k)
1 0
0 1

r(k) =[10]w(k) w(0)=[(1)]
]wk (k) = [1 0 0]w(k) w(O):[z]

t1)= [ cos(w)

rk) = k* = wk+1) = [
w(k sin(w)

(k) = {sin(wk)]

cos(wk)

sin(w)
cos(w)

A

w(k)
b
V1+ 22

r(k) = w(k)
N
sin(cos ™! z) = cos(sin"! z) = /1 — x2

1-— 0(2)s(2x) 052 (z) = 1+ C(;S(ZCE)

—1
A= (ot a)T {“ b} _ 1! [ d *b]
det A c d ad—bc |7C a

4 z >
E al’k =
k=0

=17 ZRWI=1 2= T

sin(tan™!z) = cos(tan™lz) =

sin?(z) =




