1 System Modelling

Continuous time (hnear)
i(t) = Ax(t) + Bu(t), 2(0) = z
y(t) = Ca(t) + Du()
Continuous time (nonlinear):

B(t) = F((t), u(t)), 2(0) = o
y(t) = hlx(t), u(t)
Discrete time (linear):
ZTp+1 = ATk + Bauy
yr = Cxy + Duy,
With a zero-order hold:
A; By
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2 Numerical Stability

Well conditioned problem: Cond, small or cond, <1

Ayl _|df
Condm = E ~ a
cond, = | 22| ~ | = SN
T x| T T |de f(w)
@ is order p or O(AP) if
y=p(x,A) = f(z) o AP
@ is consistent if
lim (2, A) = f(x)
 is numerically stable if
Ayl |dy
1
Az dz <

7 = p(&,A) = o(& + Azx) converges to f(z) for A — 0 if it’s
consistent and at least marginally stable.
& = Ax well-conditioned/stable when Re(A) < 0 for all A.

xj+1 = Az well-conditioned /stable when |A| < 1 for all A.

3 Numerical Root Finding

f is Lipschitz continuous if
des.t. Vo, z € R, | f(x) — f(2)] < ¢z — 7]
An algorithm has convergence rate/order r if
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Bisection: order 1; requires continuity; have [, r; such that
sgn f (i) # sgn f(ry), check ¢ = l’“% each iteration.
Fixed-point Iteration: order 2 if ¢’(z*) =~ 0, 1 otherwise; re-
quires update function g(z*) = z* for Lipschitz g with ¢ < 1
for x &~ x*. To find g(x), rearrange f(2*) = 0 into the form
x* = g(x*). Start with guess, update as zp11 = g(zk).
Newton’s Method: order 2; requires continuous differentiabil-
ity; equivalent to fixed-point iteration with g(z) = z— 7 ((";)) Start

with guess, update as zj41 = T3 — ]{( k))

suffers for highly nonlinear f.
Secant Method: order between 1 and 2; Newton’s method, but

use f'(xy) = 7’0@;::&?’1_1).

Exact for linear f and

4 Numerical Integration and Differentiation

Midpoint Rule: order 2, approx. f as constant between bounds
Tit1
[ f@) o (= ) f (@i +a0)2)

Trapezoidal Rule: order 2, approx. f as linear

f(@ip1) + f(xi)
2

Simpson’s Rule: order 4, approx. f as quadratic

f@iv1) +4f (@ig1 +2:)/2) + f(4)

($7:+1 - Iv) :

(Tit1 — i) -
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Forward Difference: order 1
oy fle+A) = f(A)
7y~ HEEE
Backward Difference: order 1
f(@) = fz —A)
/ ~
Py RIS
Centered Difference: order 2
fl@+A) - flz-A)
/ ~

5 Numerical ODE Solving

Forward Euler’s Method: order 1 (global), 2
conditionally stable if |1 + hA| < 1.

Thy1 = Tk + hfi

Backward Euler’s Method: order 1 (global), 2
conditionally stable if |1 — hA| > 1.

(local); explicit;

(local); implicit;

Tht1 = T + Akt
Trapezoidal Method: order 2 (global), 3

ditionally stable if ’ +17i < 1.

(local); implicit; con-

(fk+1 + fr)

Second-Order Runge-Kutta (Heun’s Method, RK2): or-
der 2 (global); explicit; conditionally stable if —4 < 2h\ +h2\? <

Tk+1 = Tk + =

f(xr + hfr) + fr)

$k+1:$k+§(

Fourth-Order Runge-Kutta (RK4):
plicit.

order 4 (global);

ex-

h
Tpr1 =X+ = (k’l + 2ko + 2k3 + k4)

k1 = f(l‘k), ko = f (.Ifk + 2hk‘1>

1
kg = f (CL’k + 2hk’2) s ]{34 = f(xk + hkg)

RK4 ===~ Im{hA}
(4th-order Runge-Kutta) " \ unstable
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Time constant: for © = Ax with complex eigenvalues A;:

{ 1 2 }
T = )

Re(A:)[” [Im(A)]
This ODE is stiff if

L i

Tmin

Rule of thumb: simulate T" = 57,ax if system is stable; use step

size h = min { 72, 2?;—0 } or number of steps k = max { 50,200 };
plot with step size H = 2%0 = fmaxs for stiff systems use a variable-

step solver with initial step “fi*. Use adaptive step size solvers
for stiff problems.

6 Optimization
Formulation: minimize f(x), subject to g(x) = 0 (equality con-
straints) and h(x) > 0 (inequality constraints), where f : R™ —
R,g:R" — R™ h:R" — RP.
x* is a global minimum if

Vo e R", f(x") < f()

x* is a local minimum if
Je>0st. Ve e R, |lx —x*|2 <e = f(z") < f(x)

All minima of f are stationary points, where ﬁf(w) = 0; to find
the global minimum, check all stationary points and boundaries.

_o%f _oif
Ox10xT1 0x10xy,
Hy(z) = :
_oF _of
Oz, 011 0xn 0Ty

If «* is a stationary point, it is a local minimum if H(x*) > 0,
maximum if Hy < 0, saddle if Hy = 0.

A feasible point is any x satisfying all constraints; the feasible set
contains all feasible points. A critical point is a local maximum,
minimum or saddle point in the feasible set.

Lagrange Multipliers: for equality constraints g(x) = 0:

min A(e,A) = f(z) - A'g()

Karush-Kuhn-Tucker (KTT) Conditions: a* is a critical point
when there exists A € R” and p € RP such that:
1. Stationarity: Vf(z*) — S AiVgi(x*) — > 1 Vhi(x*) =0
2. Primal feasibility: g(x*) = 0 and h(z*) >0
3. Complementary slackness: Vj, u;hj(x*) =0
4. Dual feasibility: Vj, u; >0

f is convez if Hy > 0 for all «, or
Va, # xo,Va € (0,1), f(1—a)xy1+axs) < (1—a) f(xr)+af(xs)
A set S is convex if:

Ve,y € S,a € [0,1,ax+ (1 —a)y €S
If the objective f and feasible set are both convex, the problem is
convex and has a unique minimum.

7 Numerical Optimization Algorithms

fis unimodular over [a,b] if there exists z* € [a,b] s.t. f is
decreasing over [a, z*] and increasing over [z*,b].

Golden Section Search: 1D, unconstrained; order 1; requires
unimodularity. Rescale to [0,1], choose 29 = a,21 = 1 — « for
0 < a < 1/2; evaluate f(xg), f(xz1), discard larger side, rescale
and repeat. Using 1 —a = $(v/5 — 1) allows using z as the next

Gradient Descent: unconstrained; requires twice differentiable.
Let g(a) = f(xk — aVf(x)T), find o minimizing g, update
Tl = T — a*ﬁf(wk)T. Optimizing ¢ is expensive so fixed step
size can be used. Suffers from poor conditioning of f.

Newton’s Method: unconstrained; requires twice differen-
tiable. Iterate as xp41 = T — Hf_l(ack)ﬁf(sck)T; or in 1D,

derivatives (mix of gradient descent and Newton). Levenberg-
Marquardt applies adaptive regularization for nearly-singular Hes-
sians.

Sequential Quadratic Programming (SQP): constrained. It-
eratively solves a series of simpler, less constrained approxima-
tions of the problem. f is replaced by a quadratic approximation
and the constraints linearized. Similar to Newton’s method; only
converges if initial guess is good.

Barrier Methods: constrained. Constraints are turned into
penalties on the objective. Define new objective as f'(z) =
flx) + pﬁ where weight p is increased to satisfy constraints,
decreased for more accuracy.

Gauss-Newton approximates H using first

8 Linear Algebra

AT A is positive definite if A is full rank, semi-definite otherwise.
Orthogonal @ rotates, preserves angles, and Q7 Q = 1.

Az = b can be solved by factoring A = LU and solving Ly =
bUx =vy.

A general vector norm satisfies: ||| =0 < x = 0; |cx| =
lelllzll; |z + yl| < ||z|| + [|y]l. The p-norm for p > 1 is convex:

1
&y = (lz2 " + |22]” 4 - - + [2n[*)>
2-norm is Euclidean; co-norm is ||| co = max(|z1|, |x2], ..., |za])-

The matriz norm induced by a vector norm is

|Az||
Al = max{||Ax z||=1}= max
4] = masx{ | 4] | o =1} = max 120

I-norm: maximum column sum

m
41 = > o
2-norm: largest eigenvalue of A (aka spectral radius)
| All2 = max{ VA ‘ Jr e R s.t. ATAz = \x }

Frobenius norm: always ||A]2 < ||AllF

IAlF = ([ D D Jay? = Vir ATA

i=1 j=1

0O-NOTM: Mmaximum row sum

n
Al = max Z;|a11j|
]:



The condition number of A with respect to a norm is
cond A = [|A[[| A~

or oo if A is non-invertible. For solving Az = b, this describes
how error in A and b propagates to x.



