Lecture 21, Nov 28, 2023

Vibrations: Equation of Motion

e Consider a system of NV rigid bodies and particles, described by a set of n generalized coordinates g
oV
o Consider a potential V', then the forces are given by f = ~ 90 which are zero at equilibrium

e« WLOG choose the equilibria to be when qk = 0, then we can expand the potential about the equilibrium:
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— We can take V) = 0 since in general the reference potential level does not matter; at an equilibrium

we also have 8—‘/ =0
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e We may express V = quK q for small disturbances

— K is a matrix of second partials, known as the stiffness matriz
— Due to symmetry of second partials, K is symmetric (but note it is not necessarily definite)
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e For kinetic energy, T = 3 Z (miv;‘rvi + w;'FIiwi)
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— We will assume that both have no dependence on g
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— Therefore T' = 3 Z [Z m;Q;;Qikd;qr + Z bijI‘biijC]k]
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o Let M, = Zmzaua” + ZbTIb”, then T' = Z kdidr = fq Thg

- M is symmetrlc and posmve definite, because for any nonzero ¢, we expect some kind of positive
kinetic energy
e The non-conservative forces are 6W, = Z frdqe = 0q} f
k
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e Using Hamilton’s principle, we seek to find 5/ Ldt — / oW,dt =0
t
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- 5/ Ldt—/ SW, dt = / {5 (2 qg" Mg — 2qTKq>+5WA] dt
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= / (64" Mg —6q" Kq) +5q" f] dt
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to
:/ (=0g"Mg—0q"Kq+dq" f) dt
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to
:/ 6q" (-Mg— Kq+ f) dt

— Note we used integration bytf)arts and eliminated the boundary term as in the derivation for the
Euler-Lagrange equation
— Setting this to zero, we get that the term inside the brackets must be zero
o Therefore the equation of motion is Mg + Kq = f(t)
— Notice the similarity to the 1 dimensional spring-mass system m& + kx = f
— If we had linear damping, we could add a D¢ term, where D is symmetric and positive semi-definite



— We could also add a Gq term, where G is a skew-symmetric matrix representing gyric effects
— Finally we can add a Hq term where H is a skew-symmetric matrix representing circulatory
effects (follower forces, e.g. lift and drag)
— This is the general form for a linear system
o Note that to obtain the linear system, we need to find the kinetic and potential energies to second order

Example: Double Pendulum

e Consider a double pendulum with masses m; = mo = m, angles 61, 6> from vertical, and link lengths
lh=lk=I
2
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o T'= imlvf + 5M2vs

— v =6,
— For vy, we need to add the velocities of the first mass and the second mass relative to the first
mass, which are in general not in the same direction
— The relative speed is vy = l36, which forms a triangle with v, ) ) o
— Using the cosine law: v5 = v} + (vh)? — 2010} cos(m — (02 — 1)) = 1307 +1303 + 21,126,604 cos(02 — 6,)
1 . . Lo
- T = ngQ (29% + 9% + 260164 COS<92 - 01))
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* We can expand cos(fy —601) =1 — 5(92 —61)? to second order

* However since we already have a 010, multiplying this, it will be 4th order, which we can
ignore
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— Therefore T' = iml2 (267 + 63 + 26, 6)
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e This gives T' = 59 MO where M = |:m12 ml2:| =ml 11
o V=mgl(1—cosbi)+ mgl(l —cosfy + 1 —cosb)
1
— Expanding this to second order, we get §mgl(29% + 62)
1
— Therefore V = EBTKB where K = mgl [g (1)]
« The equation of motion is therefore M6 + K6 = 0
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