Lecture 1, Sep 7, 2023

e Postulate of Space: physical space is represented by a 3-dimensional Euclidean space
e Particle: a quantity of matter that occupies an infinitesimal volume
e Postulate of Time: there exists the dimension of time, same regardless of space, and a particle can only
be in one position at one time; changes in position are continuous in space and time
o Law of Inertia: there exists a frame of reference in which an isolated particle moves in a straight line in
any direction (note we don’t yet say the motion is uniform)
— Such frames where the Law of Inertia holds are inertial reference frames
— Mach’s Principle: a local inertial frame is determined by all the matter in the universe and its
distribution
e An isolated particle in an inertial reference frame moves equal intervals of distance in equal intervals of
time; this is how we will define a graduation of time
e Law of Action and Reaction: the accelerations of two isolated particles in an inertial reference frame
are in mutually opposite directions and the ratio of their magnitudes is constant
— This allows us to define ratio of masses m; to m; is such that m;a; = —mja;, but not absolute
mass directly
o Postulate of the Transitivity of Mass: for any 3 particles, fu;;f;kpk: = 1 where p;; is the ratio of the
mass of particle i to j
o Total Force: the total force f on a particle of mass m is f = ma
— The individual force comes only from a single agent
— Newton’s second law becomes a definition for force
— Law of Superposition of Forces: the total force on a particle is the vector sum of the individual
forces

Lecture 2, Sep 12, 2023

Frames of Reference

« In this course, we restrict our analysis to dextral (right-handed) orthonormal frames of reference/bases
o Any vector y can be expressed in any basis: v = via;1 + va2az + v3as
— v1,v2,vs are the coordinates of v in the basis g

vy a
o As an alternative notation, consider v = fTv = 0101 + V2a2 + v3az, where v = vz | and F = [aq
v3 as
— F is a matrix of vectors, so we call it a vectriz
— We can also write this as v = UT.Z"- which gives the same result
e We can now define various operations using vectrix notation:
~u-y= W' F) (Fv) =uT(F-Fv=ul1v = T
ai-a; ai-ax a-das
* Note that F - .ET = |az-a1 az-az az-az| = 1 because the basis in F is orthonormal

as-ai as-az as-dag
* This definition is consistent with our usual definition of an inner product
T T T T
—uxv=(uF)x(F v)=u (FxF )v=/(uvs—usva)as + (ugvy — u1v3)as + (u1vz — ugvy)as

=

ar X a1 a1 Xas ai Xas 0 as  —a
* Note that F x .ET = |aaxar axXax axxaz| = |—as 0 ay | where we have
a3 X g1 43 X g2 43 X ds a2 —a 0
assumed right-handedness
* Also note that u x v = —y X 4 <= u*v = —v™u, ie. the cross product is anti-commutative
* This definition is also consistent with our usual definition for cross product
UoV3 — U3V2 0 —usz U9
* Alternatively u x v = .E'T UV, — U3 | = .E'Tuxv where ©* = | us 0 —-u
U1V2 — U2V —U2 Uq 0
o u* is also known as the skew-symmetric form of u since (u*)? = —u*



« Also note that as expected det(u™) = 0 (in fact the determinant of any odd-dimensioned
skew-symmetric matrix is zero)
~uryxw=ulF - (Flv*w) = u"v*w
* This is called the triple product and represents the volume of a parallelepiped formed by the 3
vectors
~ux (uxw) =ulFx (Flv*w) = Flu v w
- (uxv) xw=(u" U)T]-'x Flw= ]-'T(u v) w
* Notice that this is in general not the same as the result above, so the cross product is not
associative
o Consider two frames a and b, then v = .Zf'aT'va = f{vb; how do we relate v, and v,?
~ Fava=Fyvs = Fo Fova=Fa Fyvy = va=Fa Fy 5= Carty
— Cyp is our transformation matrix from b to a

C_];l . Ql Ql . QQ C_];l . Qg COS(911) 008(912) COS(913)
— Expanded: Cyp = |a2-b1 a2-bs as-bs| = |cos(ba1) cos(fa2) cos(ba3)
9,3 . Ql gg . QQ 9,3 . Qg COS(631) COS((932) COS<933)

— Note some properties of C:
* Cabcba — Caa - 1 50 Cab Cb_al
" Cu=FaFy = (Fp- F,)" = Cha
Therefore C_,' oy = C’a
Since CTC = 1 for all rotation matrices, det C2 =1 so det C = 1
o Note the determinant of C' can be negative when going from a left-handed to a right-handed

frame and vice versa but we will not consider these in this course

* %

Lecture 3, Sep 14, 2023

Rotation Matrices

e Recall that for v = .F vV, = .7: b 'vb we have va = CQypvp, so substituting in the relation gives us
.F Copvy = .Fb Vp, Wthh gives us .F Cu = .Fb , or Fa = Cab]:b
— Dot product in different frames U-U=1u, .F -7:17 vy = U, .77 .7-' Cuvy = u, Te.wvn
e Principal rotations are rotations about one of the basis vectors

1 0 79 1 0 0
— Example: rotation about b;: 0 cos § cos (5 - 9) =10 cosf sinf| =C1(0)
0 cos (z + 9) cosf 0 —sinf cos6
2
— We use th_e notation C, () to represent a principal rotation matrix about the nth basis by 6

cos 0 —siné
-C0)=| 0 1 0

[sinf 0  cos@ |
[ cosf sinf O]
— C5(0) = | —sinf cosf 0
0 0 1
o We can form compound rotation matrices by multiplying principal rotation matrices, e.g. Cye = ClapChe

— Notice that the subscripts match and kind of “cancel out”

Example: Universal Joint

e Example: for a universal joint as pictured, if we turn the front shaft by an angle 6, what is the angle ¢
that the rear shaft turns?
— The front and rear shafts are at an angle «
— Reference frames a and b are fixed to the two ends of the shaft respectively (and do not rotate);
the frames ¢ and d rotate with the shafts; the frame e is attached to the spider
* Eb = Cbafa = Cl(a)fa
* fc = Cca-z,:a = C2(9)fa



B /b

Figure 1: A universal joint with reference frames marked.

* Fa=CoaFEr = C2(d)E
— Since one arm of the spider is fixed to the front shaft and the other is fixed to the rear shaft, the
two arms are parallel to the two shafts respectively

e =d
* ez =c3
— With the connection between the reference frames now established, we can relate everything to
frame a
T
*ea=di= |0 Fa=1{Fi=1{Co(¢)F,=1{Co(¢)Ci(a)E,
0

* fe = Cecfc = C3(¢)~z,:c
» Since b and e share a common axis ¢3 = c3 they must be related by a principal rotation
through axis 3; we don’t know what the angle is, but we will declare it ) and hope that it
cancels
* e =1 F. =1 C3()E. = 1] C3(¢)Ca(0) Fo
~ Now we can equate e; and solve for the relations: 17 Cy(¢)C () = 11 C3(1))C2(6)
— The matrix equation can be expanded to obtain:
* cos ¢ = cos B cos
* sinassin ¢ = sin 1)
cos asin ¢ = sin 6 cos
— We can divide equation 3 by equation 1 to get cos atan ¢ = tan 6 for our final result

*

Euler’s Theorem

Euler’s Theorem: Any arbitrary rotation or sequence of rotations can be described by a single rotation
about some axis.

e Proof:
— Consider some arbitrary rotation matrix C and the eigenvalue problem Ce = \e
— Take the Hermitian (transpose and conjugate) so elct = \e'
* Since C is real, C = C7T, but the eigenvalues and eigenvectors could be complex
— Multiply by the Hermitian again on both sides: e?CTCe = AMefle — ele = A\\efle
~ (M —1)ef e = 0 and since the eigenvector is nonzero, A\ = |A]? = 1
* This means A = 1 or e™? (complex conjugate pairs)
— Since C' is a 3 by 3 matrix, there are 3 eigenvalues,
* Since the determinant of C is the product of its eigenvalues, we know its eigenvalues are all
positive, otherwise the determinant could be negative
* This necessitates that the eigenvalues are A = 1, e*7%



— Let the eigenvector with eigenvalue 1 be a; then Ca = a, i.e. a is invariant under the rotation
* This means it must be the axis of rotation!
— Thus any rotation matrix has some axis of rotation, so any rotation or sequence of rotations
corresponds to a rotation about some axis
— It turns out that also ¢ is the angle of rotation (but this will not be proven right now)
o We can write any rotation in the form C = cos ¢1 + (1 — cos ¢)aaT — sin pa™ where a is the axis and
¢ is the angle

Lecture 4, Sep 19, 2023

Solving the Sundial
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Figure 3: The geometry of the sundial.

o A sundial’s upper edge, the style, is made parallel to the Earth’s axis of rotation, so the sun casts a
shadow on the plane of the sundial; how should we draw the markings on the sundial to indicate time?
» We will establish a coordinate system with d;,ds being in the plane of the sundial

— The shadow cast by the style is s = s1d; + sads

s
— The angle the shadow makes with d; is x, so tanx = 3

51
— The shadow s, style a, and the sun’s rays r are in the same plane, so we have s = ca + 1 (since we

don’t care about the magnitude, we only need 1 coefficient)



S1
— Therefore 81@1 + 83@3 =ca+7r= .Eg 0| =s111 4+ s313
s3
o We define another frame, the heliocentric frame Fj, which is aligned with F4 at noon (when the
rotation angle of the earth, ¢ = 0)
— Consider the coordinate system formed by a, hs x a and hs
— The angle a between the sun’s rays r and the style/Earth axis g is seasonally dependent
* We can get break down r into ¢ and a perpendicular component: 7 = cosaa — sinahs x a
cos A
* q=Fra=Fr |sin\| where \ is the latitude
0
~r=Firy, =F} (cosaa —sinal}a)
o When the Earth rotates, the frame F, rotates about the axis ¢ by ¢, so Cgp = cos {1+ (1 —cos C)aaT —

sin (a™
51
o Now we have g and r in frame F4, we can use the equation before: ca +r = .755{ 0
83

S
— This gives us 3 equations, when solved we get tan y = 3= sin A tan ¢
s

1
e In general, we want to express everything in the same frame to solve a problem; some vectors are more
easily expressed in certain frames than others

Rotation Representations

e We can represent any rotation with a rotation matrix, but it is overspecified since there are 9 components
o Using Euler’s theorem, we can completely specify a rotation by the axis-angle pair (a, ¢), which has 3
components only (since a is normalized)
e We can also perform a series of 3 principal axis rotations; these are known as the Euler angles
— Any sequence of 3 axes works, as long as you don’t have a sequence of 2 consecutive identical
rotations
- e.g. C = C3(65)C1(02)C5(01) is a 3-1-3 set of rotations
* The 3-1-3 set is the one that Euler used
— In total there are 3 x 2 x 2 = 12 different sets of rotations
— Given C, we can’t always find a unique sequence of Euler angles that make up the rotation; this is
referred to as a singularity
* e.g. with the 3-1-3 set, if #3 = 0 then we won’t be able to distinguish #3 from 6;
* This is why in aerospace typically 1-2-3 or 3-2-1 is used; however any sequence has a singularity,
it’s just for some sequences the singularity occurs further from the reference point

Kinematics

¢ Kinematics is the geometry of motion, with no regard for the laws of nature
» Rates of change like v depend on the frame of reference that they are viewed from; when we take a
derivative we must note the reference frame

Figure 4: Vector of a fixed length in rotation.

o Consider a vector b of fixed length rotating about a fixed axis ¢ with some rate 9



— Since b is constant length, db is normal to b and g, so dboca x b
Suppose that in time d¢, b rotated dé; then ||db]| = |1b]| sin (de
— If we let w = af, then df = ||w|| dt and so ||db|| = ||w x b|| dt

— Therefore we have db = w x bdt and so % =wxb

it = A dt }_a =
o We will use the notation that b; = b and bj = dél
dt Fu dt

e Since the axes of reference frames have constant length we can use this for all 3 axis vectors
- Wedenote Zy =w x Fy = [w x by & x by & xbs]
* The wba is the angular velocity of F; with respect to F,
I =unx E[=EO = B E =L FW = O = Ey I

. =Fp- .E » becomes our definition for angular velocity of frame b with respect to a in general

Lecture 5, Sep 21, 2023

Transport Equations

» We want to know how v is related to v°
-uy= .7:' Vg = .7:' b Vb
= FL v, + Flo, .7-'Tvb
’ :fT vb+-7:b’vb Fivp
=Fp v+ Fp vy =10 +w' x Fyvp =1 +w' xy
* Note that when we have as scalar vy, we put the dot over instead of to the right, because for
the scalar reference frames does not matter
o Therefore v° = v° + fgb x v, which is known as the transport equation for velocity
o For acceleration, v = (v° +w™ x v)’

|
e e e

X (v° 4w’ x )

— Notice that c_qb“. = b’
~ If we interpret v as a position vector, then 2w"® x v° would be the Coriolis acceleration, w® x (w"® x)
would be the centripetal acceleration and w’®” x r would be the tangential acceleration (or Euler

acceleration)
. . L . x
o In coordinate form, the velocity transport equation is ¥, = Cgap(0p, + wga vp)
. L . X . - ba X X X
o For acceleration this is 9, = Cup(tp + 2w2a vy + wﬁ“ v+ wl?a wfj“ vp)

o How do rotation matrices change with rotating reference frames?
- .Zj'lq; = .Zj'aTC'ab since ff =0
~ Wi = Fy FL = CuFa ']:TCab = CbaC'a
— If we transpose both sides we get — = CvaCoab
— Multiplying by Cp, and rearranging, we get Chpq + wbaXCba =0
* We have found a differential equation for the rotation matrix that describes its evolution
* This is known as Poisson’s kinematical equation

o Consider now 3 reference frames F,, Fyp, F; what is the relationship among cgb“, L_qu and w
- ca — chba + chCba



- wgax = _CcaCac
—C chbaCabec - chCbaCabec
=-C chbc - chCbaCabec

:wgb + Copwl® " Cye

= w4 (Cpuwp®)™
= (W + Cpwp®)*

— Therefore wi® = wd’ + chwb
— If we multiply both sides by -Z,'- we see that w°

=

While angular velocities can be added directly as w = cgd’ + w™, angular accelerations cannot!

>

The transport equations relate velocity and acceleration as measured in one frame to how they’re
measured in another frame:
c Y =1 +w" Xy
Q g ba X
o Uy = Cup(Vp + wp" vp)

.o o

. —v°°+2wba><v° _'_L_qba XQ_’_%bax((gbaxy)
© Q . baX ba X baX

* UV, = ab(vb+2wb vb—i—wb“ v+ wp Wyt vp)

Rotation Representations Revisited

1 1
e Given an axis-angle representation a, ¢, the Euler parameters are 1 = cos 59%) and € = asin §¢

— n and € are not independent, because we stipulate that n? +e’e =1
— Euler parameters don’t have a singularity
— These are also known as quaternions
e Consider a 1-2-3 set of Fuler angles, so C =C3C,C,
- wt = —CCT (Note here w = wi®)
~ C = C3C,C, 4+ C3C,C, + C5C,C,
- WX =-C3C,C . crcTcet - cs¢,c . cicfer! - csc,c,.cfctet

= -C3C,C.cTcIet - cs¢,cfel - ¢sef
= C3Co176,cFCt — C5156,CF — 1565
= (C3C21101)* + (Cs31262)* + 1565

* Note that C"lC’lT is the angular velocity of a rotation about the first axis, so it is equal to
X

0
0| =176,
01
61
— This means w = 03021191 + 031292 + lgég = [CgCg].l C312 13] 0:2 = 5(92, 93)0
03

* This is the kinematic equation for a 1-2-3 set of Euler angles (page 89 lists the S matrices for
other combinations)
— At a singularity, S becomes singular (hence the name singularity) — given w, at a singularity, we
cannot find @
e Given any rotation representation, we can write a kinematic equation for it



Lecture 6, Sep 26, 2023

Example Problem: Square-Dancing Ants

Figure 5: Example problem diagram.

e Consider 4 ants on the corners of a square with sides a; each ant directly walks towards the ant in front
of it, so overall the ants all spiral inward; when the ants meet in the center, how far will each have
walked?

e At any given time all the ants form a square provided their speeds are the same

o Let the speed of each ant be v, so that the path length s being walked by the ants at any given time is

ds
related tov as v =§ = —

t
o Construct our reference frame so that b; and bs point from the center of the square to two ants; b3
then points out of the page
— This reference frame rotates since the ants move

e Let P be the position of one ant, so p= .Zf';‘f 0| since b; directly points towards the ant

0
v
i X

\/2 p 0 p p
. Thevelocityoftheantisgz.be Pl =p =p°+a_qbaxp=fl,T 0 —|—.Zj-bT 0 0 :.EbT wp
V2 c N 0 w| |0 0

0

$ Y $

— Therefore v

V2T 2

— Integrating the first equation: p =

q
ﬁ(so—s)

a
— We can determine sy by noting that at time 0, the distance p = — and s =0, so sg = a

V2
1
— Now we can set p = 0 to solve for s: O:—z(a—s) = s=ua

o Therefore each ant travels precisely the same length as the sides of the square

Lecture 7, Sep 28, 2023

Newton’s Second Law in Noninertial Frames

o Kinematics was the study of the geometry of motion without regard for the laws of nature; now we
move on to dynamics, where we attempt to describe the laws of nature

e We know that the law of inertia does not hold in an accelerating or rotating reference frame; what
about Newton’s second law?

o f=ma=mr", with the derivative taken with respect to some inertial frame F



— In another frame Fy, f = mv’
=m(v° +w xv)
-~
o
=m(r + 2" X1+ W x4 W x (W X))
. o
= Soin Fy, mr® = f —m (" x 1 — w1+ x (@ x 1))
— We can see this broken down into the Coriolis, tangential, and centrifugal forces

Figure 6: Diagram for the example problem.

o Example: Consider a spool with a bob attached to the end of the wire; if the spool is rotating in the
opposite direction that the wire is being wound, the spool will actually unwind
— Given that ) is constant, what is p(t) and fr(¢)?
— Define our reference frames as F, the inertial frame, and F3, a rotation reference frame with b,
parallel to the string at all times

p ~fr
- This gives .= F; |a| = Fyryand fr=F, | 0 | =F]f
0 ) 0

— Since F is not an inertial frame, we must use the equation of motion for a rotating frame that we
derived above

= fr=m + 20" X<+ )+ W x (@ x 1))

It is most convenient to express all quantities in frame F:

0
M=o
0
« 0=LAOB— 7 = LAOA + LNOB— 2 =t + 2 =%
a
~ Note the £ term comes from the fact that the arc length from B to A is p
. a

. a .

p p

* = 0] ,7 = |0

0 0

—mp —mpw? = fr

. . 5 Wherew:Q—i—B
pw ~+ 2pw —aw” =0 a

— If we substitute these quantities back in, we get

* Solving the DE in the second equation, we get p(t) = aS)t
* Substitute back in to get fr = 4maQ3t



— The idealized math says that the spool will keep unwinding, however in reality drag will eventually
match the centrifugal force, causing the spool to no longer unwind

Lecture 8, Oct 3, 2023

Rotational Version of Newton’s Laws

e Recall the momentum is p= mr’
e ho=rx p is the angular momentum or moment of momentum
e ho=r' xXp+rxp =mr xr +rx f=rx f=1p is the torque, or moment of force
— Note that when we talk about moments such as angular momentum or torque, we need some
reference point O
— Here O is assumed to be inertially fixed; if it moves, then 70 = hy + vo X p where vo is the
moment with respect to inertial space -
« f=p =p"t+wxp
— We can think of this as the translational equation of motion
« T0o=ho=hp+wxho
— We can think of this as the rotational equation of motion

— But this is not a law because it is derivable from the other laws and assumptions
ty

 Impulse is defined as 1 = Jdt =pp—pa
ta - -

ty
e Rotational impulse is j0 = / Todt = hop — ho.a
- t

a

Work and Energy
. W= /
[
—m [ G

2

fmv mv
2B A
=T —Ta
— T, Tp are the kinetic energy; this is known as the principle of work and kinetic energy
.. dv?  dr -1’ . .. dr
~ Note v* =1 — = =2 =2r" . =
eV =L oL so dt At A Lo w
— Therefore dv? = 2 - dr
o A force f is conservative iff f dr = f - dr for any two paths P,, P, that have the same start
Pa Pb -

and end points
— Equivalently, V x f = 0 (no curl) or f =—-VV or %f ~dr=0
ov oV oV

~Iff=-VV,then f-dr=—-VV .-dr = ——dz; — -—dzs — —dz3 =dV
—é - = 0x1 0xo Oxs

- f-dr=— / dV = V4 — Vg, regardless of the path taken from A to B

e If we combine the above with the principle of work and kinetic energy, we see Vo — Vg =Tp — Ty =
TA+Va=T+Vp
— This is the conservation of (total) energy — under a conservative force field f, the sum of kinetic
and potential energies, T+ V, is conserved -
* V is the potential energy

10



* T+ V = E is the total (mechanical) energy

Lecture 9, Oct 5, 2023

A Grammar (System) of Particles

o Consider a system of particles, P;, P;, ..., with the reference points Oy, an inertially fixed reference
point, &, the centre-of-mass reference point, and O, an arbitrary reference point
— Each particle has positions r;, 7; relative to Oj, s;, s; relative to @, masses m;, m;, external forces
f'i,ezt, f‘j’em and forces between particles L], f;
e We wish to extend the concepts of momentum and angular momentum to this grammar of particles
- P =M =M
— The total momentum is p= ZEZ = Z m;r;
K3

hi = mgr; X 1 =Mt X U = 13 X p;
— Total angular momentum is h = E h; = E msT; X E;
- -
. miT; .
o The centre of mass is ro = E —= where m = E m; is the total mass
m

% A

— Therefore mre = me = mr = Z mlr =P which is the total momentum

— We can therefore Work with momentum as though all particles are concentrated at the center of
mass

s n=Tets = p=) milrg ) =Y murgt Y mis; = mig+ Y mis;
— Therefore E m;s; = 0; for an observer at @, the total momentum is zero

e What about forces?
= ity = fieat + Z f7 assuming that fl =0

J

~ Summing over all forces, Z mr; = Z Jieat + Z Z f!

[

* The double sum becomes — Z Z (f] + fj Z Z fj by Newton’s third law

* But since we are summing over all i and j, 522 fj - ZZ]‘J - 7ZZJ”
i g
1 1 .

— Therefore mry” = f, which is Newton’s second law on the center of mass — we’ve extended the law
from individual particles to systems of particles

e« What about the rotational equations of motion?

0_ . . 00_ --_ _ J
= hp = mary X e X =man X =1 X fi =1 X fi,ezt-FE i

“Sol =Y b= ri X frem DD X fl =T+ Y > mx f]
7 7 7 7 7 7

11
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* If we assume that (r; — 1) || fj , that is, the inter-particle forces act along the lines connecting
two particles, then we can make this term zero

* This additional assumption, that equal and opposite forces act along the line connecting two
particles, is the strong form of Newton’s third law

* This is a reasonable assumption to make because otherwise two particles in a system would
keep accelerating forever

~ Hence b =1 = g i X fiext

i
— Note this is not he, but angular momentum about the inertial reference point O3

he :Zsi x mi(re + 5;) :Zmz@i X 8; + <Zmi§i> X Tg :Zmi§»i X 8;
7@0:5 §.ixpi+§ §1XQ1:§ §,i><fi,ext:l—e

Therefore h° = 7 about Oy and h, = 7, about @
— This is a special result that only holds for the center of mass!
In general hy +vo X p = 7o for a general O moving at yo = £OOQ with respect to O3

— If p; is the position of each particle about a moving reference point O, then each particle has

inertial velocity v =vo +p so p" =v —vo

SR =) (i xp)

T
:E mi/jixyiJrE:miBixyi
i i
:E mi(yi—yo)xyrl-g pi % fi
:_EOXE mivi"i_g T
i i

=-voXp+7T0
— In the inertially fixed point, vo =0
— At the center of mass, p = mr, = myo, so when we cross it with vy, the term cancels
— In both special frames we do not need to apply a correction
What about work and kinetic energy?

B
- W= / fi-dry
4>
- W= Z W, = Z TiB — Z TiA = Tp — T4 by the principle of work and kinetic energy
1i i ) i

- T, = oM U = §m¢§; -r; and 1; = ry + s;, so substituting in:

12



=52 Mille To+28 1o +5 - 5)

21

1 . 1 .o
“gme (Z m) oty D s
7 [

1 1
= imvz + 5 Zmiu?

— So the total kinetlic energy is the kinetic energy as if all the mass is at the center of mass, plus the
kinetic energy of all the particles relative to the center of mass
— If we have a rigid body in translation, all u; = 0, so the kinetic energy is just the same as if the
mass is concentrated at the center of mass
* Note this does not apply in rotation — in that case the second term would result in rotational
kinetic energy

For a grammar of particles, the total momentum and angular momentum are defined as:
p=D_pi=) mary b= hi=) m X1
> mur

T .
, satisfies:

Zi m;
mie=p  mrg =f=Y fieu
[

The centre of mass, located at 7o =

The total angular momentum about O, moving at vo relative to inertial space, in general satisfies:
ho + vo Xp=10 ZZQi X fieat
i

When O = @ or inertially fixed, this reduces to h = 7.

D’Alembert’s Principle
e Let p; be the position of particle ¢ with respect to O, an arbitrary, possibly accelerating reference point,
sor; =197 +p;
(R OOj b N
© mpe =[] = mrT tpe) =1

e Let 19977 = qp be the acceleration of O with respect to Oy; then mpy = f —mao
— Note we've made Newton’s second law work by applying a “reversed inertial force”
— This is the essence of d’Alembert’s Principle — the ability to transform ourselves into a noninertial
frame but still use Newton’s second law

Lecture 10, Oct 10, 2023

D’Alembert’s Principle

e Consider an inertially fixed point Oz, an inertially moving point O and a grammar of particles P;, with
positions r; relative to Oy and p; relative to O
e How can we accommodate Newton’s second law in a noninertial frame?
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o 7, =197 +p

 The equations of motion are m;r;" = f; car + Z fij =m;(p;" + ﬁogn)
J

— Let ap = ﬁos" which is the acceleration of O with respect to Oy

- ngz = fj,ext + ij — m;ao
i

— Therefore mge = f—mao
— Let m; = ml& be the momentum as seen in O
- =mp,
— Therefore 7" = f —maop
— Notice that the rate of change momentum as observed in O is the total force, plus a reversed
inertial force
e For the angular momentum: Ni = Pi X T

— The total momentum is then 7y = Z mip; X p;

- 7]0 = Zﬁl X (ngz) = 281 X | fieat +ij — M;Go
i i ]

-1y =70— (E migz-) X ao =70 —Mpe X o = T0 + po X (~Mmao)

K2

D’Alembert’s principle: The classical laws of mechanics can be applied in a linearly accelerating frame
if reversed inertial forces are applied to the center of mass of a grammar of particles.

The Rocket Problem

« Consider a rocket with mass m moving at velocity v; if f = p°, then do we have f = 7y + mu’, since
the mass is changing for the rocket? -
— The problem is that we failed to consider the part of the mass that was ejected
o At time ¢, the rocket has mass m and velocity v; at time ¢ 4 d¢, the rocket has mass m + dm and
velocity v + dv, where —dm is the amount of mass that was ejected at a velocity v + ves
dp
. f= = dp = fdt =p(t +dt) — p(t)
- p(t) = my
- p(t+dt) = (m+dm)(y + dy) + (=dm)(y + Yez)
— Under a first order approximation, this reduces to dp = mdy — ve,dm = fdt
d d . - h
— Therefore m—y' — gem—m =f = myu = f+ M
o Comparing this result to what we have before, the difference is that instead of —vez, in our first incorrect
result we had v
e Example: consider an open-top railway car with mass mg and velocity vg, which is collecting rain at a
rate rii; what is the velocity of the car after a given time, where an amount of rain m has fallen?
— Suppose there is an amount of water m in the car at time ¢, then p(t) = (mo + m)v and
p(t + dt) = (mog + m + dm)(v + do)
— Since the rain is falling vertically, p(t) = p(t +dt) = (mo +m)v = (mo +m + dm)(v + dv)
d d
—vdm+ (mog+m)dv=0 = o ™ ith initial conditions m = 0,v=vpatt=0
v mo +m
— Integrating both sides: In Yo Mo +m = v = ’UOL = (mo + m)v = moug
Vo mo mo +m
o Example: if the car is dripping so that the water level stays the same, what is the velocity now?

- p(t) = mov
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— p(t+ dt) = mg(v + dv) + (v + dv)dm where —dm is the amount of water falling out

d d
— Again p(t +dt) —p(t) =0 = modv+vdm =0 = N L
B v mo Vo mo

vpe ™o

Lecture 11, Oct 12, 2023

Orbital Motion and Gravity

Kepler’s laws:
1. The orbits of planets are ellipses with the sun at one focus

d
2. An orbiting planet sweeps out an equal area in equal time, i.e. — = ¢

3. The square of the orbital period of a planet is proportional to the cube of the mean distance from
the sun, i.e. T? x a®
Kepler tells us the shape of the orbits without need for epicycles, but still does not tell us the fundamental

force that causes such motion G
MaMm o . .
Newton’s law of gravitation: f;' = 7“”53 where G = 6.67 x 107"' Nm?kg~? is the universal
5 T3
gravitation constant

1. The force of gravity is central
2. The force of gravity varies according to the inverse-square law
3. The force of gravity is universal
Kepler’s second law can be derived directly from the fact that gravity is a central force
Kepler’s third law implies that this central force varies according to the inverse square law
The universality of gravity can be determined by comparing the acceleration of an object on earth to
the acceleration of the moon, after taking into account the inverse square law
Inside a hollow shell, there is no gravitational force due to the inverse square law
Inside a solid sphere, the gravitational force varies proportional to r (since the mass varies as r® and
the gravitational force varies as r~?)
— This means if we dug a hole through the earth and dropped a particle, it would exhibit simple
harmonic motion, since the force is proportional to distance from the core

Lecture 12, Oct 17, 2023

Recovering Kepler’s Laws

Using Newton’s law of gravitation, we will attempt to recover Kepler’s 3 laws
Consider a grammar of 2 particles a and b; the particles have positions 7, and 7, relative to the center
of mass; let r = r, — 1 be the vector connecting the two particles
— Since we have no external forces acting on the system, mrg = fezr = 0, so @ is not accelerating
with respect to inertial frame, i.e. the @ frame is an inertial frame

Gmgm . ..
fs = figbg but also fcll’ =Mary, , fy =mpr, = ffcll’
5 r 5 5 5
. .. . 1 . 1 ..
- =r, —r, =—f - —
o La Lb ma fa mp Ib
— Using this we get 1" = —%g where = G(mg +myp)
T
Therefore the relative motion of the bodies is given by r’™ = —%ﬁ
— This means instead of the motion of two bodies, we can fix b and consider the relative motion of a,
. . Mgy
with its mass replaced by the reduced mass m = ———
Mg + My

Consider the total angular momentum (about the centre of mass) h = mqrq X r, +myry X 13
— h" =mgry xr, +myry x 1, (product rule terms cancel)
— b = X fo e X [ =ra x (kr) + 1 x (k1) =0
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— Note this is just conservation of angular momentum
« noh=mar - (na X 1) +mer X (rp X 1) =0
— Note that r, X 7, is normal to 74, which is parallel to r; therefore the dot product with r is zero
for both terms
— Therefore r is always normal to h, but h is constant, so r is always in some fixed plane, so now we
can reduce the problem down to 2 dimensions
« Since the motion is 2-dimensional, we will use polar coordinates (r,6) to express 1
o Let the (noninertial) orbital frame F, such that o; is in the same direction as the vector connecting
the two masses and o5 is in the plane of motion of 7.

r 0
T T
cn=F, |0e=T, |0
0 0
ST = WX AW XWX (WX ) ==
r =z WXL TW XTTWxX{WXT 3L

— We can now expand this out in the orbital frame and obtain the equations of motion

I
F—rf? = —=
. . . r2 are the 2-body orbital equations of motion
rf + 2r6 =0
d )
— Note the multiplying the second equation by r and integrating gives T (7“29) = 0, which corresponds

to conservation of angular momentum (ignoring mass) (rG being the tangential velocity, with
moment arm )
1
— This can be solved by making the substitution » = —, which we leave as an exercise to the reader
U

e We can also solve the equation of motion using vectors:
— Starting with the equation of motion, we can cross both sides with i

- xXh=-—=rxh
d " 1

-G =~ axr) = (e o) = i) = (G- r)

d /r

na (7)
* Note u x (y x w) = (4-w)y — (u-Yuw
* TT:E* 2—|——2g(r r)zl(r r+r-r)=r-r
2 dt 2dt = 2= - - -
r
—nxh =u(: +§)
r
o xh=p(r+r-e) = plr+|rllel cos) = pr(l + e cosb)
~hx(nxr)=h-h=h
h?
~ R =pur(l 0 e —
pur(l+ecosf) or r Tz cosd
h?
o« = Fp—" # 7 is the shape of the orbit, which describes a general conic section (ellipse, parabola,
€ cos
hyperbola)

— € is the eccentricity of the conic section, € = 0 gives a circle, 0 < € < 1 gives an ellipse, € = 1 gives
a parabola, 1 < ¢ gives a hyperbola
— This gives us Kepler’s first law
— But also, we know that orblits can also be parabolas or hyperbolas
2

— If we took the energy e = 51}

1
o If between time ¢t and ¢ 4+ dt the mass travelled an angle df, then the area swept out is dA = 57"2 de

dA 1 ,d0 1 ,.
— — = —r?—~ = —9?0 = —h, but we know this is constant from earlier
dt 2 dt__ 2 2
— This gives us Kepler’s second law

_E we can express everything in terms of it
r
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a3
t=4/—(E —esink)
W
3

— The period is T = 27 @
\/ 1
— This is Kepler’s third law

Lecture 13, Oct 19, 2023

Perturbation Theory

Perturbation theory deals with the changes in a function (e.g. an orbit) resulting from a small change
Let z(t) = zo(t) + Ax(t), where x(t) is some nominal solution and Az(t) is some small disturbance; our
goal is to get the response f(x) in terms of Az only, since we might not have a closed-form expression

for f

fl(r,’f.‘,’l.”.7w7w) :'F—TWQ = —r%

Recall the equations of motion:
fo(r,m P w,w) =rw+ 27w =0
r(t) =ro(t) + Ar(t)
w(t) = wo(t) + Aw(t)
Consider a satellite in orbit; we fire thrusters such that at time ¢ = 0, we have an instantaneous increase
in velocity Av tangential to the orbit
— The resulting orbit will be slightly elliptical

Take some some nominal/reference solutions ro(t),wo(t) so that {

Plug in reference solution to first equation: (7o + A7) — (roAr)(wo + Aw)? = R e —
(ro + Ar)?
— Expand and ignore all terms second order and above
A
— (Fo + AF) — rowg + 2rowo Aw + wiAr = S — —% (1 - 2r>
3 (1 + %—0’“) 7o "o
— g — Towp + AF — 2rowoAw — WA AT = f% + Q%Ar
o To
— Compare this with the equation of motion, we can subtract 79 — Towg = —% from both sides
To
— AP — 2rqwoAw — 3w§Ar =0
A
The second equation gives roAw+2woAr = 0, with initial conditions Ar(0) = 0, A7(0) = 0, Aw(0) = =
To

— Integrate directly: rgAw + 2woAr = C' = Aw

— The first equation becomes: A7 + 4wa Ar — 3w Ar = 2wyAv
— AF 4 wa Ar = 2wpAv

2Av

Particular solution: Ar(t) =
— Homogeneous solution: ¢; cos(wot) + o sin(wpt)
2A
— Solve for initial conditions: Ar(t) = —v(l — cos(wpt))
w

0
The resulting orbit is slightly elliptical, and at ¢ = 0 we’re at the point on the ellipse closest to the focus

Gravity Boosting/Braking

Consider a body with velocity v,; a spacecraft of velocity v, approaches it from far away, and we want
to know the velocity of the spacecraft gj after escaping the planet’s gravity
Shift into the planet’s reference frame; the velocity of the spacecraft in this frame is u; = —v, + v,
Since the spacecraft is coming from infinity, the orbital shape is effectively hyperbolic
— The spacecraft will be entering and leaving with the same magnitude of velocity in the planet’s
frame, [lu3 || = [lu?]
If we now shift into the sun’s reference frame, the spacecraft leaves with velocity v = ul + v,

17



— Depending on the direction that the vectors are arranged, gj can be much faster or slower than v,
— If the spacecraft passes behind the planet, it will speed up; if it passes in front of the planet, it
will slow down
o This is called gravity boosting or braking (aka the slingshot effect)

Example Problem

e Given that the orbital shape of a body is 7 = aV cos 26, show that in order to create this orbital shape,

the force satisfies f o

7
i—ré? = i
e For a general central force we have . .om
rf + 210 =0
af sin 260

r=—

V.cos 20

fsin20  afsin20 .
R smey e s13n — 2a0?V/cos 260
Vcos20  cosz 20
,_h 2h 262 sin 20
— Using the second equation, § = — and 6= ——T= 871;9
r cos
— This allows us to express everythlng in terms of r in the first equation

e Now we can simply substitute in r:

Lecture 14, Oct 24, 2023
Virtual Work and D’Alembert’s Principle

o Consider a grammar of particles in static equilibrium; we will have that f; = 0; then for any small
displacement dr; = 0, so Z fi-or; =0

N
— We define this quantity as the virtual work W (note the ligature since work is not path-independent)
— We call dr; a virtual displacement
e In general we can write fZ fl app + fZ o, Where fZ .app is an applied force and fi g is a constraint force

— Then 0W = Zfz app " 0T + Z fip - 0ry = Z fi,app - 0T because constraint forces do no work,

provided that the or; are con51stent with the zgeometry of the system
* This is the principle of virtual work and is an assumption that we make
e What about particles in dynamic equilibrium?
- fi=mn"
- So we just need to consider fi m;r;  as the total force — according to d’Alembert’s principle

W= Z fiapp — mir; ) - dr; = 0 by the same reasoning and assumptions above, as long as dr; is

con51stent with the system’s constraints
* This is known as d’Alembert’s principle (again)
— Note that since we no longer have to consider constraint forces we will drop the subscript

Lagrangian Mechanics

e Consider an independent set of coordinates q1, qo, . .., q, where n is the number of degrees of freedom
— The coordinates must be complete, i.e. satisfy r; = r;(q11,q12, - - ., gn, t); the position of any particle
must be expressible in terms of the generalized coordinates
— These coordinates are called generalized coordinates, because the do not have to be Cartesian;
instead they can be displacements or angles etc
— We aim to obtain equations of motions in these generalized coordinates only
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o Any permissible virtual displacement can then be given in terms of these coordinates: dr; = z

g,
— in this form it is clear that the virtual displacements are permissible
— Note that even though r; can be dependent on time, the virtual displacements dr; are “frozen” in

or;
time; this is Why we don’t need to consider a—“;

. Z 5’]"1 Z m;T; 57”1 =0
= fi o= Z Z fi- Z Qrdqi where Qi = Z fi

* Qp are referred to as the genemhzed forces
727”1 (mfzzmu ’ 5k ZZLU( iﬁi'aqk)miﬁi'dt(aqi>:| 0qx
Jdr;  Ov; or; 0v; d avi> .
— MY,

= and — tuff in brackets becomes — iV =
Fr TR n 9ar 8 stuff in br m T miv; 3,

Oy _d |0 lm S (R SO A WA
oq Cdt g \ 2 i Ik 2 B 8t oq ! Iqk ‘
d 1o}
— Togeth h oqr — — [ — T; - — T;
ogether we have ;Qk Qi [d <3qk ( i )) 90 (Zl: )
d /0T oT
%j%‘&(%)+@]m‘°

— Since dq; are all independent, we can choose each one independently and arbitrarily; therefore we

31“,

— Note

dqr =0

d /oT oT
d Qrogr — — | =— — =0 for all k
need Q0qx a (&jk) + 90 0 for a
afory, or _,
dt \9dr) "~ dar "
8&'
- Qk - Z f} : a
— Split the forces into conservative and non-conservative parts fl = -VV, + fin
O or; ov -
~ Then Qi = — Zvv +me~—: 9gr T @he

* Qg,n are the generahzed non conservative forces

oT oT oV
— Plugging this back in we get — ( ) — = + Qk.n
D da  Oax
: . : . |4 d 0 0
* Assuming V is a function of position only, — = 0, so we have — | =T -V))+—(T-
D 94 Iqx
V) = Qk,A
oL oL
— Letting L=T -V, we get — () - — = Qi
Aqp. Oqr

oL oL
« — (8) ~ B0 = Qk,» is Lagrange’s equation (aka the Euler-Lagrange equation)
qk 4k

Ti . . .
— Qpa= g fin- a—"l is the generalized non-conservative force
— = qk

— L =T —V is the Lagrangian, the difference between the kinetic and potential energies (summed
across all particles)

* Note that when we take the partials with respect to g, and gy, we treat these two as independent
For a system with n degrees of freedom, there are n Lagrange’s equations
— If we have no non-conservative forces, then the equation equals zero
Lagrange’s equation is equivalent to Newton’s laws — we can replace f = mr " by this formulation
to yield identical results ﬂ
o Note that since we started with Newton’s second law, this can only be applied in an inertial frame
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— There is a way around this by considering the potential to be velocity-dependent

e Example: pendulum with length [, mass m and angle 6

-—q =0
- T= %m(zéf = %ml292
— V = —mgcosf (gravity, with the pivot as reference height)
* Note it doesn’t matter what we take as the reference here because we always take the partial
derivative of the Lagrangian, so constant factors in energy disappear as expected
— Assume that there are no non-conservative forces

COL g — L (0L g
00 dt \ 96
oL .

T —mgl sin 0

Plugging in, we get mi%6 — (—mglsinf) =0 = 6 + %sin@ = 0, exactly what we get with

Newtonian mechanics

Lecture 15, Oct 26, 2023

Example: Spherical Pendulum

Consider a pendulum of mass m, length [ at an angle 6 from the vertical and ¢ from the x axis; what
are the equations of motion
Our generalized coordinates are g1 = ¢, g = 0
To get the kinetic energy we break up the velocity into two components
1 1 . . 1 . .

- T= gmv2 =5m ((10)* + (1¢sin6)?) = iml2(92 + ¢*sin? 0)
Using the pivot as zero, the potential energy due to gravity is V' = mgl cos 6
No Q. because there are no non-conservative forces in our problem

1 . .
L= 5mz?(92 + $?sin? @) — mgl cos §
Compute the derivatives:

- 8— = ml%0

|

&~
R
o5
SIS
~—

i)

<

0

e The two equations are:

- leOZ — ml%$? sinfl cos @ —mglsinf = 0
— mi?psin? 6 — 2mi*0¢sinf cos§ = 0

d /0L oL
e Note because — <> = 0, we can immediately say % is a constant

dt \ 9¢
— In this case we refer to ¢ as an ignorable, or cyclical coordinate
— Physically, mi®$sin? 6 is the angular momentum about the vertical axis, which is conserved, hence
it is a constant
oL

= e is a generalized momentum
qk
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Constraints — Method of Lagrange Multipliers

e Consider a hoop of radius a rolling without slipping at an angle ¢ down a ramp, at a distance z
— In this case we only have 1 independent coordinate — we can’t move x and ¢ independently of
each other
—de=ad¢p = z=ap+xg
— Starting from the differential form we were able to integrate this to get an expression relating x
and ¢; this is not always possible
— If we had an expression involving x, we can simply replace it by an expression of ¢
e Now consider that hoop rolling on a 2D surface, at a direction of § with respect to the x axis
— dx = ad¢cosf,dy = ad¢psin b
— We have 2 independent coordinates since the change in 6 and ¢ dictate the change in x and y
— But we can no longer directly integrate our differential constraints since z and y depend on the
entire history of 6 and ¢
Even though we only have 2 independent coordinates, we cannot write x and y independently of ¢
and @, so we can’t substitute z and y for ¢ and # anymore
o In general, integrable constraints can be written as ¢(x,¢) = 0 and are referred to as holonomic
constraints; if they can’t be integrated, they are non-holonomic
— Note that inequality constraints are holonomic
— Holonomic constraints tell you “where” you can go — they limit the space of coordinates to a
subspace that we can reach
— Non-holonomic constraints tell you “how” you can go — they limit the possible paths we can take
through the coordinate space

d T T
e Recall that from E [Qk I (2) + g] dqr = 0, we concluded that the part inside the brackets
qk dk
k

was zero for all k because the dgi are independent; but if we have dependent coordinates, we can no
longer do this

o Consider a series of (linearly independent) constraints in the form Z Ejkdgr =0for j=1,...,m

k
— We can use the method of Lagrange multipliers

— Multiply each constraint by A;, so Z Aj Z Hikdqr =0

J k
n m
d [ OL oL
- — =)= - — AiZik| dqr =0
— Without loss of generality, let gx,k = 1,...,m be dependent on g,k =m + 1,...,n, which are
independent
d (0L oL =
— We can choose A; such that T <<9qk> T Qk,n + ;)\jEjk fork=1,....,m

" d (0L oL LA
* Now Z dt((aq])—aqk—Qk,A—ZAj:jk 0qr =0

k=m+1 j=1
* But we said that g, for k = m +1,...,n are independent, so we can apply the same argument
as before .
d /0L ) oL
— |z — 53— =Qk.+ A=,k applies for all coordinates, regardless of independence

— Note that we have n + m unknowns (the g5 and A;), which are matched by our n + m equations

(n Lagrange equations and m constraints)
n

— In general the constraints are Z Eirdgr +E;dt =0
k=1

n
* Dividing by dt, Z Ejkdr + Z5¢ = 0, which are our m constraint equations
k=1
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* This is known as the Pfaffian form of the constraints

Example: Atwood’s Machine

o Consider two masses m;, mo hung over a pulley with mass m,,, which is concentrated at the circumference
(so we don’t need to worry about moment of inertia)

e The height of the masses are 21, zo; the pulley is rotating by an angle 6, and let z3 = afl where a is the
radius of the pulley

e We have 1 degree of freedom, but we will use all 3 coordinates and use 2 constraints:

le — dZ3 =0
—z1=al = z3 = —29
dZQ + ng =0
— Therefore 511 = 1,512 = 0,513 = —1, Egl = O,EQQ = 1,523 =1
e Kinetic and potential energy:
1
~ T = —mi32 4+ —mai2 4+ —myi2
2 1<1 + D) 249 + 9 <3

-V =migz1 + magzs
e Derivatives:
oL .d oL\ _ . OL
- (3'721 = mizi, T (32’1> = mizi, 6721 = —m1g
oL . d (oL _ . OL
- 3722 = Mmaz2, ab (822) = Mmaz2, 3722 = —Mmag
oL . d [/OL . 0L
_ 872:3 = MpZz3, a (823) = MpZz3, 872;3 =0
— Assume no non-conservative forces
e Lagrange’s equations:
- m1Z; +m1g = ME11 + X281 = A1
— MmaZs +mag = ME12 + A2Ea2 = Ao
— mpZ3 = A1Z13 + AaZag = — A1 + Ao
e Constraint equations:
— 21— 2%23=0
— Zo 4 23 = 0
e We can solve this to get 2; = —25 = 23 = — M T M

mp+m1+mgg
my, + 2me
M= g
mp +m1 + me

mp + 2my
- Ay = mag
—mp +my + mo
— The idea of Atwood’s machine is that we can choose the masses to be nearly equal, so we get an
effective g that’s very small
— A1 and A\ turn out to be the tension on the two sides of the string

e In general, the Lagrange multipliers have meaning — they are associated with the constraint forces

Lecture 16, Oct 31, 2023

Midterm Review

e Example: pendulum with spring and dashpot on the arm

1 .
— Kinetic energy: T = amv2 =5m (&% + (I + 2)%6%)

1
— Potential energy: V = 5k$2 —mg(l + x) cos
— Nonconservative forces: consider (5/_V[\/A = Q4,07 + Qg .00
* For a small virtual displacement dz we would have done work fydx = —cidx

* A small displacement 66 does no non-conservative work
* Therefore Qz » = —ci, Qo =0
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* We could also do this using Q.. = Z f,i’ﬁ . 25;

—_

1
= L= gm (i® + (L +2)°0%) = Ska? —mg(l + ) cos §
oL d <6L> )
- —=mi = — (= | =mi
dt

l\:)

ot oi

B ZL =m(l+ x)92 — kx — mgcos @

) gﬁ ml 40 = $ ((35) = 2m(l + 2)i0 + m(l + 2)*0
oL .

- 55 = —mg(l + z)sin 0

- mi& —m(l + z)0% + kx — mgcosf = —
~ m(l +)%0 + 2m(l + x)20 + mg(l + z)sin = 0

Lecture 17, Nov 14, 2023

Calculus of Variations — The Brachistochrone Problem

o Consider a ball starting at point A = (21, y1), rolling under the influence of gravity to point B = (x2,y2);

what is the shape of the curve that minimizes the travel time?
B

o We want to find y(x) such that y(x1) = y1, y(xg) = yo and the travel time T" = / dt is minimized

A
ds
— Consider a differential curve element ds; — = v so dt = —

d
Cds=/dz? 1 dy? = /1 + y

— We can find v by conservation of energy: imv +mgy=FE = v=+/29(yo —v)

The problem becomes:

1
* Minimize —— / all da: over y(x
x1 yO -
2

* Subject to y(z1) = y1,y = y

o We can generalize this to minimizing I = F(y, Y, ) dx
z1
— I is a functional — a function that takes a function and gives a number

— How do we minimize with respect to an entire function?
o Let y*(z) be a minimum, and let y(z) = y*(x) + en(x), where € is small and n(x) is any function subject
to n(x1) = n(x2) = 0 (so our boundary conditions are satisfied)
Sy =y el = Flyya) = Fy +eny” + e ,x)

- I=d(e) = F(y* +en,y*' + en',z)dz and € = 0 must be a minimum, if * is a minimum
1
.. d®
— Therefore the necessary condition is — =0
€ le=0

aF _0Fdy | OF df
de Oy de 0y de
_oF oF

" oy

/
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de

/m2 oF L oF q
= —-— x
|~ ) Gyt ag”
{8F r2+/ {GF d <8F)] q
- 2 ndz
o 1., Ju LOY oy’

[ o],

Ja L0y ay )"

* Note we applied integration by parts and used the boundary conditions n(x1) = n(x3) =0
— Since this is always equal to 0 and 7 can be anything, we can conclude that the part inside the

brackets must always be zero

* This is can be proven and is known as the Fundamental Lemma of Variational Calculus

d oF OF

o Therefore the optimality condition is — - — =
') oy

— Notice that this is identical to Lagrange s equation in a conservative system

— This is the Fuler-Lagrange Equation
o An alternative way to derive this is to let dy = y — y* (which behaves like e, then we would have
01 = 0; we refer to this as a stationary value for I
— ¢ is the wgzgﬂtwnal g%emtor; think of it as taking the Taylor expansion of a function

* F_i
0 86y+8’

* Note derlvatlves integrals, and § commute

"o (39 dclc(éy)

fdxz/éfdx

r2 F F
— 6l = 5F(y,y’,;v)dx:/ (g 5y -l—%é > dz =0
~ We can then apply intcgratioﬁ by parts and use dy(z1) = dy(x2) = 0, and apply the fundamental

lemma as normal

Hamiltonian Mechanics

e Hamilton’s Principle: the motion of a system, under the influence of conservative forces, from time ¢,

ta
to tg, is given by the stationary value of the functional I = / Ldt, where L=T -V
ty

ta 2
— Under non-conservative forces, we instead have ¢ / Ldt+ / oW, dt = 0, where 6W, is the
t

virtual work done by non-conservative forces

— This is the extended Hamilton’s principle
Hamilton’s principle, like Newton’s laws and Lagrange’s principle, is an equivalent description of classical

mechanics; all 3 apply at each instance in time
— Unlike the other two however, Hamiltonian mechanics looks at an interval of time, while the other

two methods look at an instant in time

OL
e The Hamiltonian is defined by H = E qxpr — L(q, q,t), where pp = Dan is the generalized momentum
qk
k

of each coordinate oL oL oL
- dH = dg dpr — =—dgr — =—dgi | — — dt
zk: (pk dr + gk dpx 9ar qk Dir %) It
LY L,
aLaq'k Oqk Pr Oq
4 — . . oL
dH =" (g dpx — pr dgr) 7 4

k
* We have shown that any differential in H is given by differentials in p, q and ¢
* Therefore H = H(q, p,t) and has no dependence on ¢

— For a conservative system, pn (
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OH OH OH
— By the chain rule, dH = Z ( dpr, + — ko) + ——dt
* Therefore ¢, = —,pp = ———
Opx gy,

* These are known as Hamilton’s Canonical Equations, and can serve as an alternative formulation
of mechanics

Lecture 18, Nov 16, 2023

Dynamics of Rigid Bodies
Momentum of Rigid Bodies

e Consider a rigid body R and some inertial reference point Oy
— Each differential mass element dm has momentum dp =" dm

— Therefore the overall momentum is p = [ 7" dm

R
e Consider some reference point O fixed to the body, and let p be the position of a mass element relative
to O ﬂ

r=v0+p =vo+p twxp
But p is fixed as seen in a body-relative frame, so p° = 0 (unless the body is deformable)

—/(yo+LgXp)dm—/yodm—/pxo_.gdm—mgo—(/ pdm) X w
R - R R” R”

o Let co = [ pdm be the first moment of mass (aka first moment of inertia), then p = myo — co X w

I3

— Note that co has a subscript since it is computed with respect to O
— Expressed in a body frame Fj, p = mvo — cjw
* Note co is a constant in F

o For angular momentum, dhp = p X dp = p X (vo — p X w)dm = @o:goxgo—/px(pxag)dm
O S A PR

— In Fy, ho = cjvo —/ p*p*wdm
R

=cjvo + </ p*p* dm) w
R
=cjvo + Jow

- Jo = —/ p*p* dm is the second moment of mass, or the inertia matriz

R
* Note Jo is a second order tensor; in vector form, ho = co X vo + Jo - w
* Jo = / (p*1— pp")dm
R

— Let s be any vector, then s? Jos = —s” </ p*p* dm) s
R
= —/ sTp*p*sdm
R
— [ (o5 (o s)dm
R
= [ 1o s| am

R
* There will always be some p that is not parallel to s for any 3D body, so this integral is always
positive for a nonzero s

* Therefore Jo is symmetric positive definite (hence why we include a minus sign in the
definition)

o A second-order tensor D = ab is defined such that D -v = (ab) - v = a(b-v)
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_ X _ X
e In matrix form, P mxl Co| |vo , where M = mxl €0 | is the mass matriz, which is also
ho CoH Jo w Co Jo

symmetric positive definite

o If we choose O = @, then / rdm=0,s0c=0
- P =mvo R
— he = Jow = Iw, where we denote I as the inertia matrix about the centre of mass
e Consider two inertia matrices J4, Jp relative to points A, B; for a differential mass element, denote

position relative to A by a, position relative to B by b and the relative position between A and B is

pBA

—

— a=b+ pP% in a common body frame (draw this out)

7JA:—/aXade
R

= [ o b4 ) dm

R

_/ (bxbx+pBAXbx+b><pBAX+pBAXpBAX) dm
R

_/bXbX dm_pBAX/bde_/bX dmpBAX—/dmpBAXpBAX
R R R

_ BAX x x BAX BAX BAX
=Jp—p°" cp—cpp —mp~" p

— This is the parallel axis theorem for an inertia matrix

Parallel Azis Theorem: Given an inertia matrix Jg around a point B, and relative position p?4 from
A to B, we can find the inertia matrix around A, J4 as:

BAX X x ~BAX BAX BAX
Ja=Jdp—p Cp —Cpp —mp p

o Consider the same reference point in two frames F,, F3; denote J,, J, be the inertia matrix about this
point expressed in the two frames

fJaz—/pip(fdm
R

= —/ (Cappp) ™ (Cappp) ™ dm
R

- / (Cos Coa)(Cap Coe) dim
R

:Ca <—/P§P;>Cba
R

= CupJvChq
— This is the rotational transformation theorem for an inertia matrix
— Note for a second-order tensor, J = EfJaEa = Jo=F.-J- .Z:'f, so this identity follows
* The result applies for any second-order tensor

Motion of Rigid Bodies

o To get the equations of motion, we can treat a rigid body like a grammar of particles
 For a grammar of particles, p° = f and hp +vo X p =10
- p=mvo — cjw o7 h
— ho = CS'UO + Jow
— But to use these, we have to first convert the derivative (-)" with respect to inertial frame into a
derivative with respect to body frame
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Cptwxp=/f
¥ ho +wxho+yoxp=10
— In the body frame:
* ho +w*ho +v5p =710
o Therefore the equations of motion for a rigid body are given by, in the general case:
- Mo — cHw + mw*vo —w ejvo = f
— ¢Svo + Jow — efw vo + w Jow = To
. X
— In matrix form, M {U.O} + [wx OX] M [vo} = ['f}
w vy W w TO

vo | . . . . .
* [‘5 is a generalized velocity and 7‘_f is a generalized force
o

If O = @, we can simplify (where all quantities are relative to the centre of mass):
*mo+mwiv=f
*lTo+w lw=rT
— Note that in the general case, the equations of motion are coupled; but if we use @, the rotational
equation is uncoupled, making it much easier to solve
Solving this gives us the angular velocity of the body, but not the orientation; for that we need to
use Poisson’s equation C + w*C = 0, or for Euler angles w = S8 (or axis-angle/quaternion)

1 .
e Kinetic energy: T = 7/ r-r dm
2/p”

1

:f/(vo—pxw)-(vo—pxw)dm
g Jprro T ErE) BT axy

1

3 [ (w0~ ") (w0 — pe)dm

2Jr

1 1
= —mvbvo —vheiw + -wl Jow

— Notice that this has 2 parts: translational, rotational, and a coupling term, which disappears when
we use the centre of mass reference frame

T
— In matrix form, T = 1 [’UO} M {vo]
2 | w w
y2 + 22 —xy —xz
o Note we can expand the inertia matrix as I = / —ry  x? 422 —yz | dm
R —zz —yz 2t 4y

— In general I will be fully populated; but can we diagonalize it?
We know I is symmetric positive definite, so it is diagonalizable and the eigenvector matrix is
orthogonal
There will always be a E such that E"'TE = A; but since E~! = ET (and choose E such that
det E = 1), it is a rotation matrix
— Recall that the inertia matrix transforms as C I, Cy, = I,, which has the exact same form as the
diagonalization we found
— Therefore we can always find a reference frame such that I is diagonal; this is referred to as the
principal-axis frame
— This works even if we don’t use @ as our reference point
o In the principal axis frame, with @ as our reference point, the rotational equation reduces to:
- Ildll — (IQ — 13)0.}20.)3 =T1
- Igd}g — ([3 — Il)wgwl = T2
- Igwg — (Il — Ig)wlwg = T3
— These are known as Fuler’s equations
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For a rigid body, let p be the position of a differential mass element relative to O in a body-fixed
frame, then:

e The first moment of mass/inertia co = / p dm, which is zero if O =&
R

o The second moment of mass/inertia matriz Jo = —/ p* p* dm, which is diagonal in the
R

principal axis frame and denoted I if O =@
Then the linear and angular momenta are given by

p=mvo — cjw, ho=cjvo+ Jow
The equations of motion are given by, in general,

moo — cjw + mw vo —w ejvo = f

c5v0 + Jow — cjw vo + w Jow = To

Using O = @, this reduces to
mo +mw v = f

Iw+wIw=rT
And the kinetic energy is given by, in general

1 1
T = imvgvo —vhejw + §wTJOw

where the middle coupling term disappears when using O = @.

Lecture 19, Nov 21, 2023
Spin Stability of Rigid Bodies

0
o Consider a system with no external torque, spinning at a constant nominal rate w = |v|; under what
0
conditions is this system stable?
Awl
o Consider a small perturbation, such that w(t) = wp + Aw(t) where Aw(t) = | Aws
A(Ug

LAw — (I — I3) (v + Awy)Aws =0
o Plugging into Euler’s equations: { IsAds — (I3 — I1)AwsAw; =0
IAws — (I — L)(v + Awz) =0

L Aw — (I — I3)vAws =0
After linearizing: < IoAws = 0

I3Aws — (I) — I;)vAw; =0
Auws is then constant, so it is always stable
— Taking the derivative of the first equation and substituting in Aws, we can get a differential
equation for Aw;
Ay + (2 - Ij_)E_IQ — ) V2Aw =0 = A+ B2Aw =0

143

* Note we could do the same to the second equation and we would get something in the exact
same form, with the same /32
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— This is now an oscillator, so for stability we need 5% > 0; 32 < 0 makes it unstable

e For 82 > 0 we need I, — Is and I, — I; to have the same sign, for a rotation about the 2 axis to be
stable
— This requires either Iy > I, I3 or Iy < Iy, I3 — it has to be the major (largest inertia) or minor
(smallest inertia) axis, but not the intermediate axis
d /1

« From the equation of motion: I + w*Jw=0 = w/ I =0 = T <2wTIw) =0

— Note the w?w™ cancels

— Integrating this, we get inI w =T is a constant — this is the rotational kinetic energy

2 2 2

w w
— In the principal axis frame, expanding this out we get ﬁ + % + %

=0

— Geometrically, means that w must lie on the surface of gn elligsoid b the energy ellipsoid
« Multiplying instead by w? I, we have w? I’w + w  Tw*Tw =0 = W I*w =0
— Note zTw*z = 0 for any skew-symmetric w> (since it is a scalar, and if you transpose it you get
its negative)
— Doing the same and integrating gives us w
angular momentum

T12w = h?, another constant — this is the square of the

2 2 2
w w. W
1 2 3

— Geometrically this gives us yet another ellipsoid for w — the momentum ellipsoid

£ A Uricues @

Figure 7: Intersection of the energy and momentum ellipsoids.

Energy Ellipsoid Momentum Ellipsoid

Figure 8: The energy and momentum ellipsoids with polhodes.

e Since w has to be on both ellipsoids, it must stay on their intersection — these intersection lines are
called polhodes
— Due to the squaring of I, the momentum ellipsoid will usually appear more stretched out than the
energy ellipsoid
— Specifying the energy and angular momentum initial conditions choose a pair of polhodes; a third
initial condition is needed to solve for the angular momentum as a function of time
— For a pure spin about the minor axis, the momentum ellipsoid is entirely contained within the
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energy ellipsoid, so the only intersections are the top and bottom points
* With a small perturbation, the momentum ellipsoid increases slightly in size, so we get a
polhode near the pole, which is a small circle; since the angular momentum stays within the
circle, this means we are stable
— For a pure spin about the major axis, the energy ellipsoid is entirely contained within the momentum
ellipsoid
1
e Notice T'= inIw soV,T=Iw=h
— Therefore h is always normal to the energy ellipsoid, and moreover it is fixed in inertial space

since there are no external torques
— We can interpret this as the energy ellipsoid “rolling” on the invariable plane

* This is because T = —w” Tw = —w? h is constant, so the projection of w onto h is constant —

the tip of w must lie on a plane normal to A
— As we roll the ellipsoid, w remains on both the surface of the energy ellipsoid and the invariable
plane
— This is known as Poinsot’s Geometric Interpretation
— The curve traced out on the invariable plane is known as the herpolhode
Since the energy ellipsoid exists in the principal axis frame, which is a body-fixed frame, the
motion of the energy ellipsoid is the motion of the body

Poinsotellipsoid

I Massen—
Imttelplmkt

‘\kaelge—

schwindigkeit

Invariable
Ebene

Herpolhodie

Figure 9: Poinsot’s construction, in German for some reason.

« In real life however, since any body dissipates energy, 7" < 0, so a minor axis spin will slowly shift
towards a major axis spin; as long as the system can lose energy, minor axis spins are unstable
— The major axis spin is asymptotically stable since the energy and momentum ellipsoids must
intersect, so at this point the energy ellipsoid can’t spin more

Lecture 20, Nov 23, 2023

Analysis of a Spinning Top

e Consider a general spinning top spinning about its axis of symmetry, with the contact point fixed; what
is the rate of the precession of i about the vertical axis?

 In general we have 2 contributors to h: the spin of the top itself and the wobbling; we will assume that
the top is spinning fast enough that almost all i lies in the spinning of the top itself

e We also assume the angular velocity has constant magnitude

d
e« We want —¢, where d¢ is a small change to the angle of the projection of & onto the horizontal plane
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Figure 10: Precession of a spinning top.

dh
—do = T sind where 6 is the angle made with the vertical axis (note 6 is called the nutation angle)
sin

e h = J,v where v is the spin rate and J, is the axial moment of inertia
e The change in h is due to the only externally applied force — gravity
— Gravity acts at the centre of mass, which is a distance r from O

— Therefore it exerts a torque 7 = mgrsinf = h’

dh
— The magnitude is then 7 = mgrsinf = T

) . do % __mgrsinf _ mgr
e Substitute relevant quantities: A" Tosmb - Josng - Ju
— This is the precession rate
e To analyze the full motion, we will use the Lagrangian formulation; consider a 3-1-3 set of Euler angles
o, 0,1 where the 3-axis is the vertical axis
& dsinfsin ¢ + 0 cos
Recall: w = 8(6,9) | 0| = |fsinbcost — Osin
) bcos + 1

Ji
1 L
— The kinetic energy is T = QwTJ w, where J = J (assuming symmetry)
Ja
* We will call the transverse moments of inertial J; and the axial one J,
1 . 1 . .
— Expanding this out: T = §Jt(92 + ¢ sin? 0) + §Ja(¢ cos 0 + )2
— The potential energy is taken at the centre of mass and so V' = mgr cos 6

oL oL
e Notice L is not dependent on ¢ and ), so Biq’) and % are constant (these are the angular momenta
about the two axes)
— Note these are called cyclic or ignorable coordinates
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L
a— = Jypsin? 0 + J, cos (¢ cosf + 1) = Jiwe

5
9 Jo(pcosO+ 1)) = Juv
— With the assumption that (b < 1/1 we can write the first equation as Jté sin? 0 + J,vcos = Jrwg
« Finally the equation in 0: J;0 + (J, — J;)$? sin 6 cos 0 + J,¢tp sin @ — mgrsin§ = 0
— We see that even with no non-conservative forces, the nutation angle still changes
— The faster that the top is spinning, the less the nutation changes, which is why normally it seems

almost constant to us

(a) (b (c)

Figure 11: Types of precession of the axis of the top.

Lecture 21, Nov 28, 2023

Vibrations: Equation of Motion

e Consider a system of N rigid bodies and particles, described by a set of n generalized coordinates g
oV
e Consider a potential V', then the forces are given by f = . which are zero at equilibrium
gk

e WLOG choose the equilibria to be when qk = 0, then we can expand the potential about the equilibrium:
=W
o+za Qk Z&q@q 459k

— We can take Vo = 0 since in general the reference potential level does not matter; at an equilibrium

we also have a— =0
a%

2
— Therefore V = Z aa V

454k
q;0qr,

1
e We may express V = quK q for small disturbances

— K is a matrix of second partials, known as the stiffness matriz

— Due to symmetry of second partials, K is symmetric (but note it is not necessarily definite)
N

1
e For kinetic energy, T = 3 Z (miv?vi + wiTIiwi)
ori .~ .
_vL_rZ QIa-ank Z qk:Za1qu
k=1
X - T aCz T . X - .
- w; =-CC; = Z “ g O Gk = Zbik% = w; = Zbika
k k k

— We will assume that both have no dependence on q
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1 .. ..
— Therefore T' = 3 Z [Z mia;?’;-aikqjqk + Z bz;Iibikqjqk]
Jk i i
1 .. 1, .
o Let M, = Zmiaz;aij + sz;Ibij, then T' = 5 ZMijij = iqTMq
i i 3.k
— M is symmetric and positive definite, because for any nonzero ¢, we expect some kind of positive
kinetic energy

e The non-conservative forces are ((V?Q = Z fedqe = 0qi f
k

to to —
e Using Hamilton’s principle, we seek to find 5/ Ldt — / W,dt =0
t1 t1

to ta ta
-0 Ldt— oW, dt = /

t1 t1 ty

ta
= / [(6¢" Mg —5q" Kq) +dq" f] dt

t1

1 1 —~
{5 (quMq — 2qTKq> + 6WA] dt

ta
= / (=0g"Mg—0q"Kq+dq" f) dt
t1

ta

- / 5q" (~Mi— Kq+ f) dt

— Note we used integration bytf)arts and eliminated the boundary term as in the derivation for the
FEuler-Lagrange equation
— Setting this to zero, we get that the term inside the brackets must be zero
o Therefore the equation of motion is Mg + Kq = f(t)
— Notice the similarity to the 1 dimensional spring-mass system m& + kx = f
— If we had linear damping, we could add a D¢ term, where D is symmetric and positive semi-definite
— We could also add a Gq term, where G is a skew-symmetric matrix representing gyric effects
— Finally we can add a Hq term where H is a skew-symmetric matrix representing circulatory
effects (follower forces, e.g. lift and drag)
— This is the general form for a linear system
e Note that to obtain the linear system, we need to find the kinetic and potential energies to second order

Example: Double Pendulum

e Consider a double pendulum with masses m; = mo = m, angles 61,6 from vertical, and link lengths
Lh=lk=I

1
e T'= §m1v% + §m2v§

S 1191
— For vy, we need to add the velocities of the first mass and the second mass relative to the first
mass, which are in general not in the same direction
— The relative speed is vy = laf, which forms a triangle with v, ) ) o
Using the cosine law: v3 = v} + (v))? — 2v1vh cos(m — (02 — 01)) = 1207 +13605 + 211150104 cos(fz — 61)
1 ) ) .
T = imZQ (2607 + 05 + 20105 cos(02 — 61))

1
* We can expand cos(fz — 61) =1 — 5(92 —#1)? to second order

* However since we already have a 6,6, multiplying this, it will be 4th order, which we can
ignore

1 . . ..

— Therefore T' = iml2 (20% + 62 + 29192)

- _lop C[2ml®2 o mi?] 0 o2 1
e This gives T' = 50 MO where M = [mZQ ml2} =ml 11
o V=mgl(1—cosbi)+ mgl(l —cosfy+ 1 —cosb)
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1
— Expanding this to second order, we get 5mgl(29% +03)

0 1
e The equation of motion is therefore M6 + K6 = 0

1
— Therefore V = §0TK0 where K = mgl {2 0]

Lecture 22, Nov 30, 2023

Modal Analysis

e Consider first the unforced equation of motion, Mg+ Kq =20
« Substituting in the test solution goe* gives us (\A>M + K)go = 0
— Clearly, this is satisfied for the trivial solution gg = 0, but we want some non-quiescent solution
— For g to be nonzero, we need det(A\*M + K) = 0; this resembles an eigenproblem where instead
of identity we have M
— There will be multiple such A and qq
. )\i are then the eigenvalues and q, the eigenvectors; det()\QM + K) = 0 is the characteristic equation
or eigenequation
— In general the eigenequation gives us an n-th order polynomial in A2
— Consider multiplying both sides by the Hermitian of q4: )\qu Magq, + qf Kq, =0
* M is real and symmetric, so qf Mq,, is real; furthermore its positive-definiteness means this
is also always greater than 0

* K is real and symmetric, so qf Kgq,, is also real
* )\(2)( _ _ qg Kq,
q; Mq.
* Further, K >0 = A2 <0, or Ay = +jwq
* By extension, the q, are real
e Do q, form a basis?
— Consider /\ingqa + quqa =0 and /\%ngqg + qZKqB =0
— Subtracting the two equations gives (\2 — )\%)ng gs = 0 (note we can do this since the terms

are scalars)
2 2

=A
— Then ngqﬂ DS 0 )\g g
0 A2#£

— WLOG normalize the q vectors with respect to M, then ngqﬂ =00 = QTMQ =1 where

so indeed A is real

Q=[a - qn]
* Note we might get repeated eigenvalues, but we can always diagonalize due to the symmetry
of M
; ; . 2 T T T T —)\i a=p
— Plugging back into the first equation, A5 das + g, Kq3 = q,Kqz = 0 45
@

— So we can also write QT KQ = —A?

o Let q(t) =) qsns(t)
B=1

- ZMq5ﬁ5+ZKQ5ﬂ5:f

B=1 B=1
n n
— > aiMagijs + Y aiKagns =g f
p=1 p=1

— > bapiip+ Y —Nomp =gl f
p=1 p=1

= o — )‘ina = fa
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— We have uncoupled the system of differential equations
— gp are the mode shapes, and ng(t) are the modal coordinates; gonq is a mode of vibration
— Note that if K were positive definite, we would get all negative A2, giving oscillatory motion; then

2

wy, = —)\i are the natural frequencies of vibration

Double Pendulum Revisited
) 921 B 2 0
e Recall: M =ml [1 1 , K = mgl 0 1

o Clearly K is positive definite here, so let’s write A\? as —w
« We want to solve det(—w2M + K) = 0
l —2u2 -
e Let ,ui:waf,so that det[ 2Ma2+2 /Ja ]
g “Ha —pg +1
o Expanded: p® —4p? +2=0 = pu 721\f

¢ Therefore the modal frequenmes are w; = 4/(2 — Cu‘g W2+ \[

1,1
e For each of the modes, at any tlme the ratio of the coordinates remains the same

e Notice that in the second mode, we have a node — a point that does not move
— In general, for an n degree of freedom system, we will have n modes; mode n will have n — 1 nodes

wi:\/Q:i:ﬁ' —
-« 1 -«
0*“(45\/5
~

-

2

~ |

Figure 12: Vibrational modes of the double pendulum.

Lecture 23, Dec 5, 2023

Exam Review

e Consider a system with a mass m on a horizontal frictionless plane, connected to inertial space by a
m
spring of stiffness k = —g, with x measured from the equilibrium position; a pendulum of length [ and

mass m is connected to the mass, with 6 measured from vertical
a. Derive the potential energy for the system

1
~ V = —ka® — mglcosf
2
1 1 1 1
— Approximate to second order: V = §k$2 — mgl (1 - 292> = 5/@952 —mgl + imng
1
— We want this in the form of §qTK q, ignoring constant terms

— Let us define g = [lﬂ so that the units are consistent
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Figure 13: Example problem 1.

k

- K= 0 ™| = k1 (note no 1/2 in the matrix, since the factor is outside)

b. Derive the kinetic energy for the system

— The velocity of the bob is the vector sum of the block’s velocity and the bob’s velocity relative
to the block . . . .
By the cosine law: v? = &2 + 120% — 2120 cos(m — 0) = & + 126% + 2126 cos 0

1 1 1 . .
T= imjcQ + §mv2 =5m (23':2 + 1262 + 2136 cos 9)

1

We want this in the form of iqTMq

1 ) i
To second order: T = 5771(2:1'72 + 1262 + 2136)

M =m ? ﬂ (note no [ terms in the matrix since these are in g itself)
c. What are the linearized equations of motion?
- Mg+Kqg=0
— Notice that K is symmetric and positive definite, so all modes are stable (purely imaginary
eigenvalues)
d. Determine the frequencies of vibration
— This requires us to solve for the eigenvalues
~ det(N>M +K) =0
— Since we know \ are purely imaginary, let \> = —w

B 9 _ k—2mw?® —w?m _
det( WM+K)—det(|: —WQ’I’)’L k—mw2 =0

2 9,2 2
— Let p? = %7 then det ({ Qﬁﬂj 1 —H2M+ J) = 0 (after dividing through by k)

E

3
=2t H1=0 = ,u2:§j:

2
k(3 5 k(3 5 k(3 5
2_ — _— ——t = —_ _— — = —_ — _
C"_m<2i2) 1 m(2 2)’”2 m(2+2>

e. Determine and sketch the mode shapes of vibration

— This requires us to solve for the eigenvectors

~ Plug in w? to (—w? M + K)q, =0

- —~1+5 ~1-+5
e {3\/5] 2 [3+\/5]

— The first node has both the block and pendulum on the same side, while the second node has
the block and pendulum on different sides in opposing motion

In general it usually helps to make the coordinates dimensionally consistent, so that the mass and
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stiffness matrices are dimensionally consistent, which usually makes the math easier

Figure 14: Example problem 2.

Consider a meteor approaching from infinity with vy = \/ﬁ , where a is the radius of the Earth and
a

1 is the reduced mass of the meteor and Earth; let the perpendicular distance from the centre of the
Earth to the asymptotes of the hyperbolic orbit be b; what would b be if the meteor were to just skim
the surface of the Earth?

— We know this orbit will be hyperbolic, since if it were parabolic, we’d have vy, = 0

1
— The specific energy is e = 51}2 _E
r
— The specific angular momentum at infinity is A = buy, (since b is the moment arm, and v, is the
velocity)
— When skimming the Earth, we have h = av,, but due to conservation of angular momentum we
avy

have av, = bvy s0 b = —
Voo

1
— To get v, we use energy conservation: at infinity e = 5112 (since r — 00); when skimming the

1 Iz
Earth, e = —v? — &
arth, e 5 al 3
Thereforevg2(2v§o+g>::>vp\/§voo

— Therefore b = av/3ve =V3a

Voo

m\é

Figure 15: Example problem 3.

Consider a uniform hoop of mass m and radius a rolling without slipping on an incline of angle ~; the
distance travelled by the hoop is x and its rotation angle is ¢
a. What is the constraint in Pffafian form?
—dr—adep =0
b. Derive the equations of motion using Lagrange multipliers and solve for the translational acceleration
down the incline 1
- T = §m$2 =+ §I¢2 = §m($2 + a2¢2)
— For the hoop, I = ma? since all the mass is concentrated at a radius of a
-V =mgh = —mgxsin~y
— No virtual work since the constraint forces do no work

— In the form =y dx + Z5d¢ = 0 we have =, = 1,25 = —a
~ 4 a—L —miéa—L—m sin 4 a—L —mazéa—L—O
at\oz) =" ox ~ "I @ \og) T oy
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oL oL - . .
= Z AjEjk so the equations of motion are:
j

d
— Recall: — [ — | — =—

eea de (6qk oqi
d (0L oL

« 4 (O0LY oL . S
T <8x> E AZ; = mi —mgsiny =\
d (0L oL .

* _ — E 2 = —
dt(&z}) 90 A2y = ma“¢ aX

* Zydr+Zade 1: 0 = & — a¢ = 0 which we can integrate

— Solving gives & = 59 sin 7y
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