Lecture 6, Jan 25, 2022

Subspaces

e A subset U of V is a subspace of V iff U is itself a vector space over the same field I' with the same
vector addition and scalar multiplication operations of V
- XCY <<= VreX — ze€Y
— In this case the subset is not strict, i.e. Y =V is allowed
— Every V has two subspaces, the space itself, and the subspace of only zero: Y =V and Y = {0}
— Sometimes the notation U C V is used
e Theorem 1: Subspace test: U C V iff for all u,v € U and all a € T":
1. Zero: 0 eU>u+0=1u
2. Closure under addition: w+v € U
3. Closure under scalar multiplication: au € U
e Proof of the subspace test:
- UCY = (8Z,57I7,8IIT): By definition U is a vector space, therefore it automatically satisfies
all 3 axioms
- (8Z,87I7,8717) — UL V:
* AZ: Implied by STT
* ATT: Automatically true since u € Y = wu € V and the addition operator is associative in
V (i.e. inherited from V)
* ATTT: Tmplied by ST
* ATV: We have proven previously that (—1)wu is the additive inverse of u; we also know
(—1)u € U by STTZ, so an inverse exists
* MZ: Implied by STZT
* MIZT — MZIIZ: Inherited from V
*MIV:lueU by SITIZandu € Vsolu=uecld
o Example: imA={y|y=AzVex € "R} C "R for A € "R"
— Since ™R is a vector space over R we only need to do the subspace test
— 87 Satisfied since 0 = A0 — 0€imA
— S8TT: y1,y2 EIMA = y) = Axq,ys = Az = Y1 +y2 = A(x1 + x2)
- 8117 yeimA = y=Ax = oy =a(Az)=A(ax) €imA
o Example: ker A ={x | Az =0} for A € "R" (kernel or null space of A)
— x € "R so we can apply the subspace test
— S8Z: 0 € ker A because A0 =0
- 8T A(x1+x2) =Ax1 + Az =04+0=0 = =z + 2 €ker A
- S8T7T: Alax) = a(Ax) =a0=0 = ax €ker A
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