
Lecture 32, Apr 4, 2022
The Diagonalization Test

• Theorem VI: Diagonalization Test: Let A ∈ nRn with distinct eigenvalues λ1, · · · , λr, then A is
diagonalizable if and only if ∀α, mα = nα, where mα is the geometric multiplicity and nα is the
algebraic multiplicity

– Proof: [ =⇒ ] Let A be diagonalizable, then:
* If A is diagonalizable then there are n linearly independent eigenvectors; let E = Eλ1 ∪· · ·∪Eλr

be a linearly independent set of eigenvectors where Eλα
is a basis for each eigenspace

* Since E is a basis for nR, we have n = |E| where E is the cardinality of E (i.e. number of
elements)

* Since Eλi ∩ Eλj = ∅, so then n = |E| =
r∑

α=1
|Eλα | =

r∑
α=1

mα ≤
r∑

α=1
nα = n

• Note n1 + n2 + · · · + nr = n

* Therefore
r∑

α=1
mα =

r∑
α=1

nα, and since mα ≤ nα we must have mα = nα for all α

– Proof: [ ⇐= ] For mα = nα, ∀α:

* |E| =
r∑

α=1
|Eλα

| =
r∑

α=1
mα =

r∑
α=1

nα = n

* Since |E| = n there are n linearly independent eigenvectors, which span and form a basis for
nR, so A is diagonalizable
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