Lecture 1, Jan 11, 2022

Review: Matrices

A =[a;;] € "R" is a general m X n matrix in the reals
— ™R is the set of all m x 1 real matrices (i.e. columns)
— R” is the set of all 1 x n real matrices (i.e. rows)
— We can also have matrices of C,Z, Q, etc

n
Matrix multiplication: A € "R",B € "RP = C = AB = [¢;j] € "RP, ¢;; = Zaikbkj
k=1
Transpose swaps rows and columns: A € "R" = AT ¢ "R™
n

Trace is the sum of the main diagonal A € "R" — tr A = Z a;; (for square matrices only)
Determinant det A for square matrices =
Inverse A~' also for square matrices; exists only when det A # 0 (i.e. matrix is full rank); AA™! =
ATA=1

— Pseudoinverses exist for nonsquare matrices

— For square matrices AB=1 — BA=1
(AT)™! = (A™HT 50 sometimes we denote (A~1)T = A~T
Symmetric matrices AT = A, skew symmetric (or anti-symmetric) AT = — A
Identity denoted as a boldface 1
Matrix addition is associative and commutative; matrix multiplication is associative and not commutative
We have closure under matrix addition and scalar multiplication; that is after adding two matrices and
multiplying by a scalar we still get a matrix in the same dimensions
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Vector Spaces

A wector space is the generalized concept of a vector that satisfies the usual rules of vector arithmetic
Fundamental abstract operations addition + and scalar multiplication - can be defined in any way, not
just the common component-wise way
— If it can be defined in any way, what makes a definition meaningful? When does it make sense?
Definition: A wvector space V over a field T" of elements {«, 3,7, -} called scalars, is a set of elements
{u,v,w,- -} such that the following azioms are satisfied:
1. Vector addition denoted u + v satisfies, for all u,v,w € V (properties AI - AIV):
1. Closure: u+v €V
2. Associativity: (u+v)+w =u+ (v+ w)
3. Existence of zero or null vector 0 € V such that u +0=u
4. Existence of a negative or additive inverse —u € V such that u + (—u) =0
2. Scalar multiplication denoted au, such that for all u,v € V and «, 8 € T' (properties MI - MIV):
1. Closure: au € V
2. Associativity: a(fu) = (af)u
3. Distributivity: (o + 8)u = au + Su, and a(u + v) = au + av
4. Unitary: For the identity 1 € I, lu = u
Note that these properties imply commutativity for vector addition (will prove in a following lecture)
A field T is a commutative group that has two operations, addition and multiplication (between scalars),
and has a set of elements such that:
1. T is commutative under addition
2. T is commutative under multiplication excluding zero
3. Multiplication is distributive over addition
For us the field is almost always going to be R; other examples of fields include the rationals, the
complex numbers, etc



o A group is a set of elements {x,y, z,-- -} and a binary operation zy such that the operation is closed,
associative, and there exists an inverse and identity for this operation; commutative groups additionally
have zy = yx

e Matrices are an example of a vector space since they satisfy all of the requirements, so we can think of
matrices as vectors

e Formally we would say V is a vector space over the field I' under vector addition 4+ and scalar
multiplication -; as a shorthand we just say V is a vector space
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Vector Spaces, Continued

o Consider: { (x,y) | z,yinR } with the operations defined as (z1,y1) + (z2,¥2) = (£1 + 22,y1 + y2 + 1)
and a(z,y) = (az,ay + a — 1)
— Zero is (0,—1)
— Inverse is (—z, —y — 2)
— Actually distributive
— Since all axioms hold this is actually a vector space

Lecture 4, Jan 18, 2022

Commutativity and Other Properties of Vector Spaces

e What about the associative property u + v = v + u?
— This can be proven from the other properties, but first we will start with some other axioms
o There are some axioms that are one sided such as AZZZ and AZV (additive identity and inverse); we
will prove that these are two sided under the other axioms
o Proposition I: For every u, —u € V, —u + u = 0 (i.e. property AZV but commutative)

— Proof: —u+u=(—u+u)+0 ATIT
=(—u+u)+(—u+(—(-u))) ALY
=—u+(u+(—u))+(—(-u)) ATT
=—-u+0+(—(~u)) ALY
=—u+(—(—u)) ALIT
=0 ALY

— Thus AZV is commutative, and we can say that the additive inverse of —wu is just
o Proposition II: For every u € V,0 + u = u (i.e. property AZZZ but commutative)

— Proof: 0+u=(u+(—u))+u ATV
=u+(—u+u) AT
=u+0 Prop. 1
=u ATTIT

o Theorem I: Cancellation theorem: If u + w = v + w then w + v for any w,v, w € V (this also applies
forw+u=w+v)

— Proof: u=u+0 ATIT
=u+ (w+ —w) ATV
—(utw)+(cw)  ATT
=(v+w)+(—w) given
=v+ (w+ (—w)) ATT
=v+0 ATV
=v ATIT



o Note: a theorem and proposition are basically the same thing here, but typically theorem is used for
bigger results
« Define subtraction: v — v = u + (—v)
e Proposition III:
1. The zero 0 € V is unique
— Proof: Let 0’ be another zero, then w4 0" = u = u + 0 so by the cancellation theorem, 0’ = 0
2. The inverse is unique

3. —(—u)=u
e Proposition IV: For u,v e V,u+v=v+u

— Proof: u+v=0+ (u+v)+0 Prop. II and AZZT
=(—v+v)+ (u+v)+ (u+ (—u)) Prop. I and AZV
=-v+((vtu)+(v+tu)+(-u) ATT
=—v+ (l(v+u)+1l(v+u)+(—u) MZIV
=—v+(1+1)(v+u)+(-u) MITIT
=—v+((1+)v+(1+1u)+(—u) MITT
=—v+ (lv+1lv+1lu+1lu) + (—u) MITT
=—v+(v+v+utu)+(—u) MIV
=(—v+v)+v+u+t+(ut(—u)) AT
=0+v+u+0 Prop. I and AZV
=v+u Prop. II and AZZT
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More Vector Space Properties

e Proposition V: Properties of zero: For all v € V and all a € T

1. 0v=0
- O0v=0v+0 by AZZT
- 0v=(0+0)v =0v+ 0v by MZZZ(a) and scalar addition properties
— By the transitive property Ov + 0 = Ov + Ov, then by the cancellation theorem Ov = 0

2. a0=0
- a0=0a(0+0)=a0+ a0
— Rest of the proof follows like above

3. If av = 0 then either « =0 or v =0
— Either a = 0 or « # 0; if @ = 0 then Ov = 0 follows by 1, so we only need to consider « # 0

-v=1v MLV
= (ata)v Properties of scalars
=a av) MIT
=a"'0 Given
=0 Prop. V.2

— Therefore either a = 0, or if o # 0, then v =0
o Proposition VI: For all v € V and a € T, (—a)v = —(av) = a(—v)

- av+ (—av) = (o — a)v MZITZI(a)

= 0w Properties of scalars

=0 Prop. V.1
— Since av + (—(aw)) = 0 by AZZZ, by the transitive property and cancellation —(av) = (—a)v
- av+ a(—v) = a(v —v) MITIZ(b)

=a0 ATV

=0 Prop. V.2



— Tt follows then that a(—v) = —(av) = (—aw)
— Consider o = 1, then —(1v) = —v = (—1)v, so the additive inverse is always —1 times the vector!
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Subspaces

e A subset U of V is a subspace of V iff U is itself a vector space over the same field I" with the same
vector addition and scalar multiplication operations of V
- XCY <= VzeX = z€VY
— In this case the subset is not strict, i.e. Y =V is allowed
— Every V has two subspaces, the space itself, and the subspace of only zero: Y =V and Y = {0}
— Sometimes the notation & T V is used
e Theorem 1: Subspace test: U C V iff for all u,v € U and all a € T":
1. Zero: 0 eU>5u+0=1u
2. Closure under addition: w+v € U
3. Closure under scalar multiplication: au € U
e Proof of the subspace test:
- UCY = (8Z,57I7,8IIT): By definition U is a vector space, therefore it automatically satisfies
all 3 axioms
- (8Z,87I7,871I7) — UL V:
* ATZ: Implied by STT
* AZT: Automatically true since w € Y = u € V and the addition operator is associative in
V (i.e. inherited from V)
* ATTT: Tmplied by ST
* ATV: We have proven previously that (—1)wu is the additive inverse of u; we also know
(=1)u € U by STTZ, so an inverse exists
* MZ: Implied by SZZT
* MZIZ — MZIZZT: Inherited from V
*MIV: luelUd by SIIZandu €V solu=uecld
o Example: imA={y|y=AzVex € "R} C "R for A € "R"
— Since ™R is a vector space over R we only need to do the subspace test
— S7Z: Satisfied since 0 = A0 — 0 €imA
— S8IT: y1,y2 €imA = y, = Ax1,y2 = Axy — y1 + Y2 = A(x1 + T2)
- 8117 yeimA = y=Ax = oy =a(Azx)=A(ax) €imA
o Example: ker A={x| Az =0} for A € "R" (kernel or null space of A)
— x € "R so we can apply the subspace test
— S8Z: 0 € ker A because A0 =0
- 8T A(x1+x2) =Ax1 + Az =04+0=0 — =z + 2 €ker A
- S8T7I: Alax) = a(Ax)=a0=0 = ax €ker A
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Linear Combination and Span

o Definition: A vector v € V is a linear combination of { vy, vs, - ,v, } C V if and only if it can be

n
written as v = Z)\jvj for \j €T
j=1
— Note the use of C instead of C because for now we want to keep the set finite

n
o Definition: The span of { v1,va, - ,v, } C Visdenoted: span{ vy, v, -, v, } =4 v |v = Z)‘jvj7V)‘j el 3,
j=1
i.e. all the vectors that can be written as a linear combination of this set of vectors



1 0 0
— Example: R = span 0],]|1f,10
0 0 1
— {wv1,v9, -+ ,v, } is the spanning set of vectors (for now, this set will be finite, but the span itself
is infinite)
 Proposition I: The span of { vi,vs, -+ ,v, } €V is a subspace of V
— Proof: .
*ST: 0= Z Ov; therefore 0 in this subset
j=1
*SIT:LetuecV = Zaj'uj and w eV = Zﬁj'uj then u +w = Z(aj + 5;)v;
j=1 j=1 Jj=1
*STIT: ueV = Zaj'vj, then Au = )\Z ajv; = Z(/\aj)vj
j=1 j=1 j=1
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Equivalence of Spans

e We can show equivalence of sets U = V by showing U CV and V C U
e To show equivalence of spans, we do the same and show both spans are subsets of the other

n
— It is sufficient to show that each member of the spanning set is in the other span; if u; = Z QR Vk,
k=1

then u = Z)‘iui = Z)‘i <Zaikvk> = Z (Z) v = Zﬂk'l’k = u €span{v; }
i=1 i=1 k=1 k=1 \i=1 k=1
o Example: span{u,v } =span{u+v,u—v}?
—{u+v,u—v} Cspan{u,v } since they’re both linear combinations of u and v
. 1 1 1
—{u,v} Cspan{u+v,u—v}sinceu=—(u+v)+ i(u—v) and v = i(u—i—v) - §(u—v)

o Proposition II: Let Y = span{ vy, va, -+ ,v, } C V. If W is a subspace of V containing the vectors
span { v1,va, - ,v, } then Y CW.
— Any vector in U is a linear combination of those vectors, and since those vectors are in W, W
contains all linear combinations of those vectors

Linear Independence
o Linear independence: A set of vectors span{ vy, va, -+, v, } is linearly independent if and only if

Z)\jvj:O —— )\jZO

j=1
) 1| |0 . ) 1 ol 10 A1l |0 oy
— Example: { [O} , [J } are independent: Aq {O} + Ao [J = {O} = [)\2} = {O] = A =Xy =
1l 0] (1 . ] 1 0 1 |0 .

— Example: { {0] , L] , L} } are not independent: Ay [O} + Ao L] + A3 L} = {O] can be satisfied

A =1

with ¢ Ay =1

A3 =—1

o Proposition I: If { v1,va, -+ ,v, } CV is linearly independent and v = Z Ajvj for all v € V then )

j=1
are uniquely determined, i.e. there is only one way to construct any vector



n n
— Proof: Assume that \; are not uniquely determined. Let v = Z)\jvj = Zujvj then 0 =
Jj=1 Jj=1
n

v—v= Z()\j — p;) = v; and because the set is linearly independent \; — p; =0 = A; = p;,
=1
SO Aj arej uniquely determined
o This generalizes to any kind of vector, e.g. functions
— e.g. to show {sinz,cosz } are linearly independent we show A\if +Xg=2 = A1 =X =0
where z : R — {0}
* We want to show A\ cosz + A\ysinz = OVzx € R; we can consider z = 0 = A1 = 0, and

p= — =0
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Basis

e Fundamental Theorem of Linear Algebra: Let V be a vector space spanned by n vectors. If a set of m
vectors from V is linearly independent, then m < n.
— This is equivalent to saying if m > n then any set of m vectors from V is linearly dependent (this
is the contrapositive statement: if A = B, then -B — —A)
— Proof by contraposition: Let m > n, we show that this implies a set of m vectors is dependent.
* Consider a set of m vectors { uy,--+ , Uy, } and let span{ vy, -+, v, } =V

n m m n
* Since uj; €V, uj = E a;;v; and so E Tiuj = E Z; E Ay§V;
i=1 Jj=1 Jj=1 =1

n m m
* Set Z Z ai;x; | vi = 0; this will be satisfied if each Z ai;jx; = 0; this is a set of linear
i=1 \j=1 j=1
equations Ax = 0 where A is n X m; since we have m > n there are infinite number of
solutions to this system, i.e. there exist a nontrivial solution, therefore not all z; have to be 0,

so the set { w1, -+ ,u,, } is linearly dependent
o Define the basis for a vectors space V to be a set of vectors { e1, e, - - - , e, } that are linearly independent
and span{ ej, ez, - ,en } =V

— Every basis for a given vector space contains the same number of vectors:
*Let F={ej,ea-,e,}and F={fi, fa, -+, fn } be bases
* Consider E to be linearly independent and F' to span V, then by the fundamental theorem
n < m; consider F' to be linearly independent and E to span V, then by the fundamental
theorem m < n, therefore m =n
— We say that a basis generates V
e Definition: The dimension of a vector space V, denoted dim V), is the number of vectors in any of its

bases
— Note: Define dim{0} =0

Lecture 10, Feb 4, 2022

Basis Continued

e In general dim"R = dim R"” = n and dim "R" = mn



1 0 0
0 1 0
o The standard basis is the set ol >lols 1],

« Example: Consider the space of skew-symmetric matrices U = { S| § = —S7, 8 € °R? }
— 8 = ST means the diagonal is forced to be zero

0 a b 0 1 0 0 0 1 0 0 0
— Wecannow write S=|—-a 0 ¢|=al|-1 0 Ol +b[0 0 O] +c|0O 0 1
-b —c O 0 0 O -1 0 0 0 -1 0

— Since those 3 matrices span U and are linearly independent they form a basis, therefore dimif = 3
e Let V be a finite-dimensional vector space with dim V = n, then
1. A linearly independent set of vectors in V can at most contain n vectors
2. A spanning set for ¥ must contain at least n vectors
e We can add vectors to any linearly independent set until we have V = n vectors; we can take away
vectors from any spanning set until we have n vectors; at n vectors, we can have a spanning set that is
linearly independent
— Sometimes referred to as the rule of the extreme middle
e A basis characterizes a vector space
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Minimal Spanning Sets

o TheoremI: Let { vy, v, ,v, } C V. Forevery vy (where k = 1,2,---n), span{ vi,va, ** , Vk—1,Vg+1," " Un }
span{ vy, vy, -+, v, | iff {vy,va, -+ v, } is linearly independent

— i.e. if we have a set of linearly independent vectors and we take a vector out, the resulting span is
always a strict subset (gets smaller)

— Corollary (contrapositive): Let { vi,vs, - ,v, } CV, then for at least one v, span { v1, v, -+, Vi_1,Vkt1, " Vp }
span { v1,va,- - , v, } if and only if { vy, v, -+ ,v, } is linearly dependent

* Note the original theorem is for every vy but the contrapositive is for at least one vy,
— Proof: At least one vy, implies linear dependence:

* Let there be one vy such that span{ vy, va, - ,V5_1, V41, - Up } =span{ vy, va, -+ , vy }
* Then vy € span{ v1,v2, -+, Vr_1,Vp41, " Vn }
n
* o = Z Aivi = Mo+ + (Do +-+ Ao, =0
i=1
(i7k)
* Therefore the set { vi,va, - , v, } is not linearly independent because the coefficient on vy,

can be nonzero

— Proof: Linear dependence implies existence of vy:
n

* Z Av; = 0 has at least one A\; # 0; take the vector associated with this A to be vy

i=1
VR = =AU — = A 1Uk1 — MUkl — 0 — ApUp
* vy = A1 vy /\k_l’l)k L >\k+1 Vi1 /\nv
— A o == P,
Ak1 Ak Ak Ak
* Therefore vy, € span{ v1,v2, -+ ,Vp—_1,Vk41, " Un } SO the span with vy is the same as the

span without vy
e Any minimum spanning set of a vector space is also a maximum independent set of that vector space
— Taking any vector out of a set of linearly independent vectors loses information

o Theorem IV: Let { v1,---,v, } CV be linearly independent; then for another v € V, { v, vy, - , v, }
is linearly independent if and only if v ¢ span{ vy, - ,v, }; i.e. we can add a vector to a linearly
independent set and keep it linearly independent if this vector is not already in the span

— Contrapositive: If v € span{ vy, ,v, } then { v,v1, - v, } is linearly dependent
— Proof:



* v espan{ vy, - ,v, } = UZZMW = (—1)v+ A\jv1 + -+ + A\yv, = 0 therefore the
i=1

set is linearly dependent
* {wv,vy, -+, v, } linearly dependent means Av + Ajv; + -+ - + A\,v, = 0 and not all As equal
Zero
e First we need to show A # 0: If A = 0, that means the rest of the A\; have to be 0, which
would mean { v,v1,--- ,v, } is linearly independent, creating a contradiction

e Since A\#£0, v ="ty — o — 28

A by

v n
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Existence of Bases

e Theorem V: Let V be spanned by a finite set of vectors; then every linearly independent set in V can be
extended to a basis for V (note we assume the set is not the zero set)
— Proof by construction:
1. Start with a linearly independent set Sy, = { vy, v } CV
2. span Sy, =V or span Sy # V; if span Sy, = V then we have a linearly independent spanning set,
which is a basis, so we’re done

3. Otherwise, I(vi+1 € V) ¢ spanSy; by Theorem IV, Sk = {v1, -+, vk, Vg1 } is linearly
independent

4. If span Sy, = V then we have a basis; otherwise, repeat the previous step until we eventually
get a basis

* Because V is spanned by a finite set of vectors, this will always result in a basis
* If it doesn’t result in a basis then we’ll end up with a set of linearly independent vectors
that don’t span V but has more vectors than the finite set that spans V', which violates
the fundamental theorem
e Theorem V gives a maximally linearly independent set
e Theorem VII: Let V be spanned by a finite set of vectors; then any spanning set for V can be reduced
to a basis (i.e. it contains a basis)
— Proof by construction:
1. Start with a spanning set span S, =V where S, = {v1,---,v, } CV
2. Sy, is either linearly independent or not; if it is then \S), is a basis and we’re done
3. Otherwise, by Theorem I Corollary, Jv, € S, such that spanS,_; = V where S,_; =
{v1, -+ ,vp_1 } (renumber the vectors such that v, is that vector)
4. If S,_; is linearly independent then we have a basis; otherwise repeat the previous step until
we eventually get a basis
* This process must stop because eventually we get a set with just 1 vector which will be
linearly independent
e Theorem VII gives a minimally spanning set
e Bases can be thought as minimally spanning sets or maximally independent sets
e Theorem VIII: Let V be such that dim V = n; then:
1. Any linearly independent set of n vectors is a basis
2. Any spanning set of n vectors is a basis
e Theorem VI: Let U, W C V), then:
1. U, W are finite dimensional with dimensions less than or equal to V
2. If U C W then dimU < dim W
3. U CWAdImU =dimW — U =W
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Null, Column, and Row Space
o The null space is defined asnullA={xz e "R | Az=0} CR

ay; - Qin 1
e Consider A = | : : € ™R™; A can be expressed as a set of rows A= | . | ,rx € R" or
Am1  * OGmn T'm
a set of columns A = [cl cn] ,¢; €MR

o Define the row space of A as row A = span{ry, -7, } C R", the column space of A as col A =
span{cy,---¢c, ™R
— Both the row space and the column space have max dimension min{m,n } because they’re
restricted by the number of vectors in the spanning set and the space it’s a subspace of
o The column space of A is equal to its image: colA={y € "R |y = Az,Vex € "R }
o Proposition I: Let A € ™R" and U € "R™,V € "R", then:
1. rowUAC row A
— All the rows of U A are linear combinations of the rows of A
2. col AV C col A
— Similarly the columns of AV are linear combinations of the columns of A
3. If U,V are invertible, then row U A = row A and col AV = col A
— If U is invertible, consider U — U™ and A — UA, so rowUA C rowA <—
rowU H(UA)CrowUA = row A CrowUA
— Since the two subspaces are within each other they must be equal
o Proposition II: Let { &1, -+ ,x,. } C "R, U € ™R™ invertible, then { @1, - - , &, } is linearly independent
it {Uxy,- -, Uz, } is linearly independent

n n n
— Proof: Z AM(Uz;))=0 < U Z)‘ixi =0 — Z)‘iwi = 0 so linearly independence of
i=1 i=1 i=1
one set implies all A; = 0 which means the other set is linearly independent
— We don’t lose any information by multiplying a set of vectors by an invertible matrix
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Row Dimension Equals Column Dimension

o Lemma I: Let A € ™R", then row A = row A (where A is the row-reduced echelon form of A), so
dimrow A = dimrow A, and the nonzero rows of A form a basis for row A = row A
— Proof:
* A=E,---E1A = EA; since E; are elementary matrices they are invertible, therefore E is
invertible, so by Prop. I, row A = row A
* To show the rows of A form a basis, we show linear independence and span
o The nonzero rows span row A = row A because the zero rows add nothing to the span
e The rows are linearly independent because there is only one nonzero entry in each column
with a leading 1
+ Lemma IT: Let A € ™R", then (1) the columns with leading ones in A is a basis for col A, and (2) the
columns in A corresponding to the columns with leading ones in A is a basis for col A
— In other words, col A # col A, but we can get a basis for col A by taking the columns in A that
correspond to columns with leading ones in A
— As a result dim col A = dim col A
— Proof (1):
* Independence: The columns with leading ones in A are independent because they are a subset
of the standard basis for ™R
* Generation: They also span A because the columns without leading ones can be expressed as
a linear combination of the columns with leading ones



— Proof (2): (¢; denotes columns in A, ¢; denotes columns in A, c;-l- denotes column ¢ with leading
one in A, cji denotes the column in A corresponding to column 7 with leading one in A)
* Independence: A = FA — [0/1 e } [Ecl Ecn] = ¢, =Ec¢; = ¢; =
E~ ¢ , 50 the set of columns in A corresponding to the leading ones columns in A are linearly
1ndependent as they are related by an invertible matrlx by Prop. II

* Generation: Let y = Z,uzcl € colA;y = Z,u] cJ <Z,u] J> € col A;

but we’ve previously shown that the columns Wlth leading ones form a basis for col A, so

n n n n
- (Z ,ch;'> =E! (Z nicji> = ZE_lm'C;i = chﬁ
= = i=1 i=1
e Lemma II gives us two methods of making a basis from a spanning set: making the vectors the rows of
a matrix, reducing the matrix and then taking the nonzero rows as the basis, or making the vectors the
columns, reducing the matrix and then taking the columns corresponding to columns with leading ones
e Theorem I: Let A € ™R", then dimrow A = dim col A
— Proof: dimrow A = dimrow A = r = dim col A = dim col A
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Rank

e Definition: The rank of A, denoted rank A, is the common dimension of its row and column space:
rank A = dimrow A = dimcol A
— Can also be expressed in different ways, e.g. number of nonzero rows in the RREF, the number of
leading ones in the RREF, etc
e Properties of rank:
— Property I: rank A = rank A
— Property II: rank A = rank AT
— Property III: rank U A < rank A
* rowUA C row A by Prop. 1
* rank U A = rank A when U is invertible since row U A = row A by Prop. 1
* Similarly rank AV < rank A and rank AV = rank A if (but not only if) V is invertible
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The Dimension Formula

o Theorem II: The Dimension Formula: Let A € ™R", then dimnull A = n —rank A (or rank A +
dimnull A = n)

— Proof:
* Let { s1, -+, 8k } be a basis for null A; since null A C "R, we can extend this to a basis for
"R: {815"' y Sky Sk+1, " 7Sn}
* Claim: { Asgy1,---,Asy, } is a basis for col A (if this is true, then dimcolA =n — k =

n — dimnull A and we'’re done)

10



¢ Linear independence: Z NAs; =0

i=k+1

— A( Z )\isi> =0
i=k+1

— Z A;8; €null A

i=k+1

n k

— 3 =Y

i=k+1 i=1

— Let u; = —\y = Z)‘isi =0 = \; =0 since { s; } are a basis (note we can do

this because ¢ in thé ﬁlrst summation and ¢ in the second summation never have the
same values)
e Generation: span { Asgi1, - ,As, } C col A by Prop. Ibecause each sgy1, -8, € col A
— To go the other way: y € col A

= Hmay:Am,m:Zﬁisi

i=1

= Y= i:ﬁiASi
i=1

— Z BiASi
i=k+1
— y €span{ ASp41, -, ASy }
— Therefore col A = span{ Asg41, - ,Asy, }

Consider Ax = b: there may exist no x, or one unique «, or infinitely many «

No solution: b ¢ col A = col A C col[A|b] or rank A < rank[A|b]
Unique solution: b € col A and col A = col[A|b] and null A = {0}
Infinite solutions: b € col A and col A = col[A|b] and dimnull A > 0

Theorem III: The following statements are equivalent for A € "R™:

1.

CU N

6.

A is invertible

rank A = n (i.e. A is full rank)

A has linearly independent rows

A has linearly independent columns
Az =0 = =0

2TA=0" = 2=0

Fredholm Alternative: Either Ax = b has exactly one solution xor Az = 0 has a nontrivial solution
Proof of Theorem III: In the case where we have a set of equivalent statements it’s often most convenient
to show a circular chain of implication, e.g. 1 implies 2 implies 3 implies 1

1 = 2: A is invertible means A =1 = rank A = dimrow A = dimrow A =n

2 = 3: rank A =n = dimrow A = n but A only has n rows, so they have to be linearly
independent

3 = 4: Linearly independent rows =— dimrow A =n = dimcol A =n = the columns

are linearly independent since there are n columns
n

4 = 5: Linearly independent columns = inci =0 = 2, =0 = =0
i=1
* Alternatively the independent columns implies rank A = n =— dimnullA = 0 =
{Az=0 = =0}
5 = 6: {Ax =0 = =0} = dimnullA =0 = rankA =n = dimnull AT =
0= {27A=0 = 2=0}

11



— 6 = 1: By contraposition, assume A is not invertible, which means there are zero rows in the
rref, so rank A < n so the rows are linearly dependent, which means 27 A = 0 has a nontrivial
solution

Lecture 17, Feb 28, 2022

Non-Square Matrices

e Theorem IV: Let A € ™R"™; then the following are equivalent:
1. rank A =n
. The columns of A are linearly independent
LA =0 = =0
. AT A is invertible
. A has a left inverse (3B > BA =1 € "R"), where B = (AT A)"'A” is the left inverse, known
as the Moore-Penrose pseudoinverse
o This necessitates m > n, i.e. A is a “tall” matrix, because if n > m then the columns cannot be
independent
e Proof:
-1 = 2: rank A =n = dimcol A = n so the columns are linearly independent as there are n
columns
— 2 = 3: The columns are independent, so the only linear combination of the columns that add
to 0 is all Os, which is the zero vector
~ 3 = 4: AT A is square, so it is invertible if and only if ATAz =0 = =0
* Lemma III: Let s en"R and s's =0 then s =0

U W N

o Proof: s7s = Z s? =0 but each s? > 0, which means all s =0 = 5, =0 = s=0
i=1

* ATAz =0
= 2TATAz =0
— (Ax)T(Axz) =0

— Ax =0
= x=0
— 4 = 5: AT A is invertible implies 3C > CAT A = 1; let B = CA”, then B is the one-sided
inverse .
— 5 = 1: Show the columns are linearly independent: Z x;c; =0
=1
— Ac=0
— BAc=0
— 1lc=0
— c=0
o Theorem IV: Let A € ™R"™ (this time n > m, i.e. A is short and wide); then the following are equivalent:
1. rank A =m

. The rows of A are linearly independent

L 2TA=0" = =0

. AAT is invertible

. A has a right inverse (3B > AB =1 € ™R™), where B = AT (AAT)™! (also the Moore-Penrose
pseudoinverse)

T W N

12



Lecture 18, Mar 1, 2022

Linear Transformations/Operators

e Definition: A linear transformation is a transformation between two vector spaces V and W, &£ : V — W
(where V is the domain and W is the codomain) that has the following properties:
1. (L1) Distribution: .Z(u + v) = Z(u) + £ (v),Vu,v € V
2. (L2) Homogeneity: .Z (M) = AL (v),Yv € VY, €T
o These properties can be combined into one as £ (A\u + pv) = \Z(u) + p£(v)

e A matrix A € ™R" can be thought of as a linear transformation of A : "R — "R
n

e The trace tr A = Z a;; is a linear transformation tr : "R" — R
i=1

- L1: tr(A—|—B):Za“—|—bu Za“—}—Zb“—trA—FtrB
=1

~ L2: tr(AA) Z)\a” = )\Za“ =AtrA

e Properties of hnear tranbformatlons LYV =W

1. Z(0) =
- (0) =Z(0v) =0Z(v) =
2. Z(—v) =-Z(v)

- Z(—v)=Z2((-1)v) = -1Z%(v) = -ZL(v)

— Proven by induction
o Definition: The image of a linear transformation £ : V= WisimZ ={w eW |w = ZL(v),Vv eV}
(column space for a matrix)
— The image is a subspace of W
e X mapsV into Wif £ :V— W but im.Z #W
o Z maps V onto W if im & = W (surjective), i.e. Yw € W, Jv 35 L (v) =
e 7 is injective if it is one-to-one, i.e. no two vectors in ) maps onto the same vector in W: Hvy = vy €
= 3(121) = .,2”(’02)
o If .2 is surjective and injective then it is bijective
— Bijective transformations have inverses
o Definition: The kernel of a linear transformation .Z : V — Wisker. = {ve V| Z(v) =0} (null
space for a matrix)
— The kernel is a subspace of V
— The kernel is everything in V that maps to 0 in W
e The dimension formula for linear transformations: dimker . 4+ dimim.%Z = dim V

— Analogous to the dimension formula for matrices; for matrices ker A = null A, im A = col A and
dimV =n

Lecture 19, Mar 4, 2022

Linear Transformations and Matrices

o Not only do all matrices represent linear transformations, all linear transformations can be represented
as a matrix; there exists a one-to-one relationship between matrices and linear transformations

o Consider Z:V—WandweW=Y%(ve)

- v = g vje; given £ ={ey,--- ,e, } is a basis for V
=1

13



-—w=Y Zvjej :Zvji”(ej)
j=1 j=1

- w= zm:wihi where H = { hy,--- ,hy, } is a basis for W

i=1
- J(ej) = Zl”h" — w = Zvj.,?(ej) = Zﬂj (Z l”hl> = Z Zlij’l}j h;
i=1 j=1 j=1 i=1 j

n
i= i=1 \j=1

— Compare the 2 lines above, we get w; = Z l;;v; which is a matrix multiplication: w = Lv

j=1
w1 U1
W Un
— The v; are coordinates of v with respect to the basis E; w; are coordinates of w with respect to
the basis H

o There is a one-to-one relationship between w = .%(v) and w = Lv

Lecture 20, Mar 7, 2022

Change of Basis

e Say we have a vector expressed in a vector space as coordinates with respect to one set of basis vectors;
how do we express them in terms of another basis?
e The new coordinates in terms of the new basis is related to the old coordinates by a matrix
o v = Pv’ where P is the transition matriz or transformation matriz or change-of-basis matriz
o Let V where dimV = n have 2 bases: E={ej,---,e, }and F={f1,---,fn}
n

- v= ivge)ei = vaf)fi
i=1

i=1
056) v%f)

~Letwve=| ! [ up=|
vr(Le) Uéf)

* v, are the coordinates in terms of E, vy are the coordinates in terms of F'

— What is the relationship between v, and v;?

 Since the bases live in V, in general e; = Z Dij fi
i=1
- U= Z Ul(f)fi
i=1
=> e
j=1
n n
=37 (s
j=1 i=1
=2 oy | S

i=1 \j=1
n
- vz(f) = Zpijvﬁe) or vy = Puv,

j=1
— The columns of P are the basis e,, expressed in terms of f,

14



« Proposition III: Let B, = { e1,--- , ey, } be the standard basis for "R and By = { fi,--- f» } be another
basis; then the transition matrix from B¢ to B, is Q = [f1 e fn]

e There is an isomorphism between V <> "R; instead of thinking of members of V directly, we can think
about their coordinates, which are vectors in "R

o Theorem II: Let B, = { e1, -+ ,e, } CV be a basis for V and the coordinates v’ € "R for v € V; then
{wv1,+ ,v,, } is linearly independent iff the coordinates { v},--- ,v,, } are linearly independent
U1
~ Note notation v = vie; + - +vpe, = [e1 -+ e, | I | =&v where & € V", formalized as
Uy,
V' x "RV
— Proposition IV:
* If &v = 0 then v = 0 because { e1,--- , e, } are linearly independent

* If &v = &u then v = u since there is only one way to express a given vector as a linear
combination of a set of independent vectors

— Proof: Y Nu; =0 <= Y X(6v) =0 < £ =\vj | =0 <= Y =)\v,=0
j=1

j=1 =1 j=1

Lecture 21, Mar 8, 2022

The Determinant Function

o Every matrix has a determinant denoted det(A); for 2 x 2 matrix this is ad — bc
1
e Let A= | : | € "R"; then the determinant function A, : "R" — R is any function that satisfies the
r'l’L
following:
1. Adding one row to another row leaves the result unchanged: A, [E(l; i,j)A] =A,(A)
— E()\;i,7) is an elementary matrix of type III that multiplies row j by A and adds it to row @
2. A, [E(\,i)A] = AA,(A)
— E()\,4) is an elementary matrix of type II that multiplies row i by A
o The determinant function is homogeneous in each row (i.e. scaling a row scales the entire determinant)
e Theorem I: A, : "R"™ — R has the properties:
1. If A has a zero row, then A, (A) =0
— Proof: If row i of A is zero, then E(0,i)A = A, therefore A, [E(O,i)A] = A,(A) =
0A,(A)=0
2. A, [E(X;i,5)A] = A, (A) (property 1, but with any scalar multiple)
— Proof: Trivially true for A = 0; for nonzero A, scale row j by A (scales the determinant by
j), then add row j to row i (determinant unchanged), then divide the result by A (determent

scaled by X)’ which gives the same determinant

3. Interchanging rows negates the determinant: A, [E(i, j)A] = —A,(A)

’I"j —’I"j —’I’j —T‘j e
— Proof: A, || = A, | = A, = A, = A, : =

T T T, —Ty ’I"j —Tr; ’I"j —Tr;
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T T
_An = _An

T'j —Tr; Tj

4. If the rows of A are linearly dependent then A, (A) =0
— Proof: If the rows are dependent, then at least one row can be written as a linear combination
of the others; therefore by adding multiples of other rows to this row (does not change
the determinant by property 2), it is possible to make this row all zero, which means the
determinant is 0 (by property 1)

5. The determinant function is linear in every row (n-linear): A, |Ap+pug| = AA, |p| +pd, g

|

* If the rest of the rows are dependent, then by property 4 each determinant is 0 so 0 = 0+0
* If the rest of the rows are independent, extend the rest of the rows to a basis for R"

_ _ pP+q p
— Proof: Without loss of generality, show A, . =A, + A,

. . - - p + q
by adding an independent vector; then p = Z A\ir; and g = Z WiTE S0 Ay, . =
i=1 i=1
M+ m)r+ (e + ) (A1 A+ pa)m 1
n k=2 = An . = ()\1 + Ml)An . ; also by
71 T1
the same process A, | .| = MA, | . | and A, =wA, | .
Lecture 22, Mar 11, 2022
More Determinant Properties
e Proposition I: Let D € "R" be a diagonal matrix with entries di,---,d, on the diagonal, then

i=1

o Proposition II: Let U € "R" be an upper triangular matrix, then A, (U) = A, (1) H Ui
i=1

— Start at the bottom row, make it a 1, cancel the column, etc

Lecture 23, Mar 14, 2022

The Determinant

o Lemma I: If A, : "R" — R is a determinant function, then A,,(A) = x(A)A, (1) where x(A) is a scalar
function of A

n
— Proof: Gaussian eliminate on A until it is upper triangular, i.e. Ey --- E,U; A, (U) = A, (1) H Uig
1=1

which is a scalar times A, (1); since elementary matrices either scale, negate, or leave the
determinant unchanged, the final result is going to be a scalar times A, (1)

16



e Theorem II: Let A, : "R™ > R and A,, : "R" R; A,, satisfies an additional property DIII An(l) =1;
then A, (A) = A, (A)A,(1)

— Proof: Consider A, (A) — A, (A)A,(1) = k(A)AL (1) — K(A)A,(1)A, (1)
= K(A)An(1) — K(A)A(1)
=0

— Corollary: If A, (1) =1 as well, then A, (A) = A, (A)
* If DIII also holds, then the determinant function is unique
e Definition: The determinant of A € "R" is the unique determinant function 4A,, : "R"™ — R that
satisfies:
1. DI: Adding one row to another row leaves the result unchanged: A, [E(1;i,j)A] = A, (A)
— E()\;4,7) is an elementary matrix of type III that multiplies row j by A and adds it to row 4
2. DII: A, [E(X,i)A] = AA,(A)
— E(\, 1) is an elementary matrix of type II that multiplies row i by A
3. DIII: A,(1) =1
o Definition: The (4, j) minor of a square matrix A € "R", denoted M;;(A) € n—IR" 71 s the matrix
obtained by eliminating the i-th row and j-th column

n
e Definition: The function det,, : "R” — R is det,, A = Z(—l)kﬂakjdetn,lej(A) forany 1<j<n
k=1
and dety [a] =a
— We can use any column and the definition still works
— This is known as the Laplace expansion
e Theorem III: det,,"R"™ — R is the determinant
— This shows the existence and uniqueness of the determinant
The determinant can also be denoted |A]

Lecture 24, Mar 15, 2022

Additional Properties of the Determinant

o Determinant of elementary matrices: det E(i,7) = —1, det E(\;4) = A, det E(\;4,5) =1
o Theorem IV: Cauchy-Binet Product Rule: Let A, B € "R", then det(AB) = det(A) det(B)
— Proof: Define Ag(A) = det(AB)
* Claim: Ap is a proper determinant function:
1. Ap [E(1;4,j)A] = det [E(1;i,j)AB] = det(AB) = Ap(A)
2. A [E()\;i)A] = det [E(X;i)AB]| = Adet(AB) = AAp(A
* From A, (A) = det(A)A, (1) we know Ag(A) = det(A)Ap(1) = det(A) det(B)
* Therefore det(A)det(B) = Ag(A) = det(AB)
o Theorem V: Transpose Rule: Let A € "R", then det A = det AT
— This means we can also compute the determinant along rows instead of columns, since the matrix
can be transposed and the determinant is unchanged
— Proof: Define Ap(A) = det AT
* Claim: Ar is a proper determinant function:
1. Ar [E(1;4,§)A] = det(EA)" = det(ATE") = det(A”) det(E™) = det(A”) det(E(X; 4,)) =
det(AT) = Ar(A)
2. A [E(X;i)A] = det(A”) det(ET) = det(A") det(E(\;i)) = Adet(A") = AA7(A)
3. Ar(1) = det(1") =det1 =1
* Therefore At is the determinant, and since the determinant is unique, det A7 = Ap(A) =

det A
e Theorem VI: Invertibility theorem: A € "R" is invertible iff det A # 0
— Proof:
* If A invertible, then AA™' =1 = det(AA™ ') =detl =1 = det(A)det(A™ ") =150
det(A) #0

17



« Corollary: det A~ = ot A if A is invertible
e
* By contraposition, if A is not invertible, then its rows are dependent, then det A = 0; therefore
det A #0 = A is invertible

Lecture 25, Mar 18, 2022

Cramer’s Rule

o Cramer’s Rule (Maclaurin-Cramer Rule): The solution to Ax = b where A € "R" is given by

det A;
T; = dizt AZ where x; are the components of x and A; is A with column ¢ replaced by b, if det A # 0
_Ai:[cl oo b cn]
7b:A$:|:Cl e cn}wzzxjcj
j=1
- detAi:det cT - Z;[;jcj ey
j=1
e metYme e
j=1
J#i
= det [Cl cee X e Cn]
=; det [Cl R R cn]
=zx;det A
— Provided that det A # 0, we have det A; = x; det A — x; = T A

— Note the sum is just adding multiples of other columns, which does not change the determinant as

per determinant properties
o Cramer’s rule is computationally inefficient for larger matrices (O((n + 1)!) operations if taking
determinants recursively); Gaussian elimination is much better for larger matrices (O(n®) operations)
— For smaller matrices it might be faster; in general this depends on the matrix itself (e.g. number

of zeros)

Cofactors and Adjoints
o Definition: The (i, 7) cofactor of A € "R™ is ¢;j(A) = (—1)"7 det M;;(A)

n

— Using the cofactor, the determinant can be written as Z akjckj, true for any k
j=1
z”: {det A k=i
. Q;jCkj = .
= 0 k#i

— Proof: Consider A’ € "R"™ which is A with row k replaced with row ¢
* det A’ = 0 because rows are not independent

n n
* Using the Laplace expansion about row k: det A’ =0 = Z aycri(A') = Z a;jcri(A)
j=1 =1

s aj; = a;j because we replaced row k by row i
o ¢k (A") = cx;(A) because row k was eliminated in the calculation of the cofactor so the

minors are the same

n
. Z ajjcr; is like taking ACT where C = [ckj} is the cofactor matrix
j=1
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A k=i
{det k=i is just (det A)1

0 k#i
o ACT = (det A)1
e Definition: The adjoint of A is adj A = CT
— Also known as the adjugate
o Theorem VIII: A(adj A) = (det A)1 = (adj A)A
.. . 1 .
— If A is invertible then A™" = ot A adj A
o det(adj A) = (det A)"*
o If A is non-invertible, then (adjA)A = 0 = colA C nulladj A; if A # 0, dimcolA > 1 =
dimnulladj A > 1
— n —rankadj A = dimnulladj A = rankadj A <n = adj A is not invertible
— det(adj A) = 0 so the previous equation still holds

Lecture 27, Mar 22, 2022

Eigenvalues and Eigenvectors: Definition and Motivation

o Motivation: Finding solutions to a system of differential equations & = Az, x = x(t) € "R, where the
dot indicates time derivative
— Assume that A € "R" is constant
— Each equation is first order, but higher order equations can also be expressed in this form by
making derivatives also variables
+ As in the case for scalars, try x(t) = pe where p € "R
— & =Ax — IpeM = Ape™ — Ap=Ap — (M1 -A)p=0
* This is similar to the characteristic equation in the scalar case
* We can say that p # 0 since that would give the trivial solution
* This means that (A1 — A) must have a null space, which means A1 — A cannot have full rank,
so we must choose A such that (A1 — A) is singular, i.e. det(A\1 — AA) =0
* The “eigenproblem”
— The A that make det(A1 — AMA) = 0 are the eigenvalues of A
— The nontrivial p are the eigenvectors (for a particular )
* Note these can be scaled arbitrarily
o For A € "R", there are n such A, because det(A1 — AA) is an n-th degree polynomial of A
— Expanding out the determinant, we obtain the characteristic polynomial (eigenpolynomial?) of
this system of differential equations; when we set it to zero, we obtain the characteristic equation
(eigenequation?)
— Notation: Ca(A) for the eigenpolynomial
o Since p € null(A1 — A), the eigenspace for an eigenvalue A is { p € "R | Ap = Ap } = null(A\1 — \A)
(sometimes denoted &))
— The bases for the eigenspaces are the eigenvectors
— All the eigenvectors are linearly independent
— Note that since 0 is the trivial eigenvector, normally we use “eigenvector” to refer to only nonzero
eigenvectors
o If A is viewed as a linear transformation, eigenvectors are the vectors that are scaled by the transfor-
mation by an eigenvalue (i.e. direction remains unchanged)
e This allows us to solve the general n-th order differential equation

— Let z1 = z,29 = &, then &1 = 29,59 = & = —a1& — agx = —a1T2 — ATy
.. . jﬁ‘l O 1 X1
— We can put this in a matrix as |, | =
T2 —ap —ap i)

— By extension this can be used to solve a linear system of any order
o The eigenvalues of an upper triangular matrix are the values on the diagonal of the matrix (since the
determinant of such a matrix is the product of the diagonal)
e “Figen” is a German word meaning “characteristic, proper”
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Lecture 28, Mar 25, 2022

Properties of Eigenvalues and Eigenvectors

o IfA= [le 312} , the eigenvalues satisfy A% — (a1 +a92) A+ (a11a92 —a12a91) = N> —(tr A)A+det A = 0
21 22

o In general, for A € "R", A" — (tr A)A" ' 4.+ (=1)"det A =0
o Proposition I: Let A, i be two distinct eigenvalues for A € "R", then &4, N &, ={0}
— Proof: Let x € & N &), then Ax = Az and Az = pr = I =px = (A —p)xz =0, but
AFusox=0
o Note eigenvalues may be complex

Diagonalizability
Ap1 = AMip: A1
« We have ¢ : — A[pr - pa=[p1 - P

— This can be written as AP = PA
— Suppose p1,--- , P, are linearly independent, then P is invertible, then P"*AP = A
* This is called diagonalization since A is a diagonal matrix

o If we had = An = {7; = \in; }, which is a system of decoupled differential equations
o Definition: P € "R"™ diagonalizes A € "R" if P is invertible and P"'AP = A

— However, it’s not always possible to find a set of p,, such that P is invertible, i.e. not all matrices

are diagonalizable
 Theorem I: Diagonalization Theorem: The matrix P € "R" diagonalizes A € "R" (i.e. P"'AP = A)
iff P the columns of P are eigenvectors of A that form a basis for "R

o Note that PT'AP =A — A= PAP!

Lecture 29, Mar 28, 2022

Diagonalization Properties

« Proposition II: Let A, T € "R™ and T be invertible, then A and T~ ' AT have the same characteristic
polynomial and therefore same eigenvalues
— T YAT is known as a similarity transformation of A
— Proof: det(A\1 — T7'AT)
=det\T™'T — T 'AT)
=det(T™'(\1 — A)T)
=det(T~ 1) det(A\1 — A) det(T)
= det(A1 — A)
e Theorem II: Let A € "R" be diagonalizable; then:

=

1. The characteristic equation for A can be written as ca(A\) = det(A\L — A) = | | (A — \o)

Q
Il
_

— If A is diagonalized by P then ca(A) = cp-1ap(A) = ca(}N)
2. det(A) = [] Ao
a=1
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~ Proof: A=PAP ' = det(A) =det(PAP™)
= det(P) det(A) det(P~1)

3. trA= E”: Ao
a=1

n
- Proof: tr A = tr(PAP™") = tr(PP™'A) = tr(A) = ) A4
a=1
- Note tr(ST) = tr(T'S)
e Theorem II holds for all matrices, even ones that are not diagonalizable, we just currently cannot prove
it
e It’s important to note that repeated eigenvalues are counted multiple times

Lecture 30, Mar 29, 2022

Independence of Eigenspaces

o Theorem III: Let A € "R" have r distinct eigenvalues (r < n) denoted Aq,---, A\, and let &, € &),
but x, # 0; then { x1,--- ,x, } is linearly independent
— i.e. eigenvectors corresponding to different eigenvalues are always linearly independent
— Proof by induction:
* For k =1, the set { 1 } is linearly independent

* Assume { @1, -,y } is linearly independent
k41

* Consider Z wix; =0
i=1
k41

— Z/JiAfBi =0
i=1
k+1

— Zui)\i:ci =0
i=1
k1 k41
Z HiNiTi — Ayt Z pix; =0
i=1 i=1

kt1
Z pi(Ni — Agg1)x; =0

i=1

k
Z#i@\i —Met1)xi =0

!

I

—
i=1
= 1, =0
= Uk+1TE41 =0
= pr+1 =0
= { @1, - ,Tp41 } is linearly independent

— Corollary: If all the eigenvalues of A are distinct, then A is diagonalizable (since if 7 = n, we can
pick a set of n independent eigenvectors, which must be a basis for "R)
* However, if the eigenvalues are not distinct, that doesn’t mean the matrix is not diagonalizable
e Lemma I: Let A € "R" have r distinct eigenvalues and z, € &, if 1 +--- +x, = 0 then x, =0
— Proof:
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* Consider pyxy + -+ + ppx, =0
* If &, # 0 for some « then p, = 0 since x1,- - - , x, are independent
* This contradicts &1 +---+x, =0
e Theorem IV: Let A € "R" have r distinct eigenvalues and H)_ be a linearly independent set of
eigenvectors from &), then Hy, U H), U---U H,_ is linearly independent
— Proof:

* Let H/\,, = {pa,17"' 7pa,ma }
m

ma 2 Mo
* Zﬂl,jm,j + ZM2,jP2,j +ot Z,ur,jpr,j =0
j=1 =2 j=1
*xry+---+x, =0 = =z, =0 by Lemma I
* Since each sum adds up to zero, all u are zero since each H is linearly independent
* Therefore the union of all the sets is linearly independent

Lecture 31, Apr 1, 2022

Criteria for Diagonalizability

e mi+me+---+m, <n where m, =dimé&), for A € "R"
— Proof: Let { pa,; } be a set of eigenvectors in Hy_; my + - - - + m, is the total number of vectors
in Hy, U---U H)_; this cannot exceed n as that would violate the fundamental theorem
— Corollary: If mj + --- 4+ m, = n, then A is diagonalizable
e Definition: Let A € "R"™ have eigenvalues \,; then the algebraic multiplicity of A, is ne, the highest
power of (A — \,) that divides the characteristic equation for A
— i.e. the algebraic multiplicity of A, is the number of times A\, appears as a root of the characteristic
polynomial
o Definition: The geometric multiplicity of A\, is mq, = dim &), i.e. the dimension of its eigenspace
— Theorem VI: Diagonalization Test: m, = n, for all « if and only if the matrix is diagonalizable
(proven next lecture)

o Proposition III: Let A = [(1) 2,] €"R™"and 1 € "R” (and C € """R"™ "), then det A = det C
o / 1 B . .
— Take A and reduce it into A" = 0o C where C' is upper triangular

* We can do this by some E without having to multiply any row by a scalar since we don’t need
the leading entries to be 1
— det(A’) = det(C’) = (=1)P det(C)
— det(A”) = (—=1)P det(A) since the same operations were performed on A
— The minus signs cancel so det(A) = det(C)
e Theorem V: Multiplicity Theorem: 1 < mq, < ng
— Proof: Consider A,; Let F ={ f1,--+, fm. } be a basis for &, where m, = dim &,
* We can extend this basis for a basis for "R
* Let Q be the transition matrix from F to Ey = {e1, - ,em., -+ ,€n }, the standard basis
for "R, then Q = [fl fn} and Qey = fo, ie. Q 1 fo = €4
* Consider Q 'AQe;, = Q 'Af;, = \aQ ' fjo = Maej, Where j, =1, ,m,
1 Aol B
* So QTTAQ = 0o C
pick out the A\, for the first m, columns
* Consider ca(\) = cg-1a0(N)

A=)l -B }

where 1 € ™*R™= since using the standard basis vectors we can

:det[ 0 A -C

= (A= Ao)™ det {1 -B }

0 AM-C
= (A= Aa)™ det(A\1 — C)
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e Note the first line relies on the similarity transformation preserving the characteristic
equation
o The last line relies on Prop. 111
* This shows us that we have to have at least m,, repeated roots of A\, so m, < ng
* Since every eigenspace must have at least one nontrivial eigenvector mg > 1
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The Diagonalization Test

e Theorem VI: Diagonalization Test: Let A € "R™ with distinct eigenvalues A1,---, A, then A is
diagonalizable if and only if Vo, m, = n,, where m, is the geometric multiplicity and n, is the
algebraic multiplicity

— Proof: [ =] Let A be diagonalizable, then:
* If A is diagonalizable then there are n linearly independent eigenvectors; let E = Ey, U---UE)
be a linearly independent set of eigenvectors where E)  is a basis for each eigenspace
* Since FE is a basis for "R, we have n = |E| where FE is the cardinality of E (i.e. number of

elements)
T

T T
* Since E), N Ey, = @, so then n = |E| = Z|E>\a| = Zma < Zna =n
a=1 a=1 a=1
e Noten;+na+---4+n,=n
T T

* Therefore E Me = E Nea, and since my < n, we must have m, = n,, for all «
a=1 a=1

— Proof: [ <] For m, = na,Va:

T T
B =SB =Y e =Y e =
a=1 a=1 a=1
* Since |E| = n there are n linearly independent eigenvectors, which span and form a basis for
"R, so A is diagonalizable
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Solving Differential Equations with Diagonalization

o Given & = Az, z(0) = xo, how do we get x(t)?
o Assume A is diagonalizable, then & = PAP 'z
e We can use P as a transition matrix; set * = Pn, then T = Ax

— Pn=(PAP")(Pn)
— Pn = PAn
= n=An

— Since A is diagonal, we have now decoupled the system!

— Each equation becomes 7j, = A", so each solution is 1, (t) = cqetet

Cle)\lt

o The full solution becomes x(t) = Pn(t) = [pl e pn] : =apreMt + -+ eppnet
cpetnt

o Plugging the initial conditions ¢t = 0 gives ¢1p1 + - - - + ¢Pn = o = Pc; solving the system gives the

coefficients

e The eigenvalues A are in the exponents, which dictate the speed at which the solution decays, or the
frequency of oscillations

e The eigenvectors dictate the shape of the solution
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The Matrix Exponential
. — "
e Consider the scalar case where expx = kz o
=0

e Let X € "R", then define eX =exp X = Z —_—
= k!
— Note we have to define X° =1

o We know that in the scalar case & = ax has solution z(t) = zge

; can we do the same for the matrix

exponential?
o0 (oo} oo oo
AF d AF AR+l AF
At _ k d At _ k=1 _ k_ k_ A At
s M=) Tt = e _Z(k—l)!t = o th=A%" it = Ae
k=0 k=1 k=0 k=0

+ Therefore in the general case of & = Ax,x(0) = x, the solution is e“ta

« How do we actually compute e??
— If A is diagonalizable, then A = PAP™ ! so A" = (PAP Y)(PAP™!)...(PAP ') = PA"P!
— A" is easy to compute, since A is diagonal, we simply take the diaongal entries to the nth power

A"

: : At —14k

e Using this result, e™** = E P—k! Pt
k=0

= Ak k -1
k=0

= P pT!
ENv ]
ot 0
k=0 oo
=Pl 9 AL P
k!
k=0
:e/\lt 0 )
—p| 0 & P

Lecture 35, Apr 11, 2022

Example Problems

e Consider the sequence: xy11 = Az, T, € "R, and let A € "R™ be diagonalizable with real eigenvalues;
show that if all |A,| < 1, then & — 0 as k = oo
— Note ), = AFxg

— lim @ = lim Afxg = lim PA*P 'x,
k—o0 k—o0 k—o0
)\k:
1
k

— lim AF = lim A3 =0

k— o0 k—oc0

— Therefore lim PA*P lzq =0
k— oo
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