Lecture 5, Jan 18, 2022

Partial Fraction Decomposition

P
o For f(z) = ﬂ where the degree of P is less than that of @), we can write this as a sum of simpler

Q(x)
polynomials
— If the degree of P is equal to or greater than ) we must first perform long division and then

decompose the remainder
« Factor Q into factors of az 4+ b and az? + bz + ¢ (linear and irreducible quadratic factors) and then

. . . Ax+ B

express it as a sum of partial fractions: — Or -
(ax + b)?) (az? + bx + ¢)?

¢ Cases below: P(a) 4 4

. . . T 1 2

1. is a product of unique linear factors: = + +
Q P q Q(JC) a1 + b1 a2 + b2
2 +2x+1 22 +2x+1 A B C

Example: 223 4 322 — 2z - r(2r —1)(z+2) «z + 2 — 1 + x4+ 2
* 22 422 —1= A2z —1)(x +2) + Bx(x 4+ 2) + Cx(2z — 1)
* We can now expand the right side and group terms to obtain a system of equations for
A B, C
* Alternatively we can set x to convenient values

1
cr=0= —1=-24 = A=

1 1 5 1
) 11 5
e z=-2 = —-1=10C = C’:—l—o
A
2. @ is a product of non-unique linear factors: If (ax + b)" occurs, then instead of just e we
ax
Ay Az A,
ave ax+b+(ax+b)2+ +(ax+b)7“
Excarmnle 4x . 4o A n B n C
— Example: =
L s RS | (x—1)2(@x+1) =z-1 (-1 =x+1

*dr = Az —1)(x+ 1)+ Bz + 1)+ C(x — 1)?

* We can once again expand and get the equations for the coefficients

* We can still set convenient values of z:
e r=1=— 4=2B — B=2
cer=-1 = —4=4C = C=-1
e Can’t find an z that would cancel the other terms and leave A, but we can still obtain

a relation for A
e 2=0 = 0=—-A4+B+C = A=B+C=-1
3. @ contains unique irreducible quadratic factors: Each quadratic factor corresponds to a term of

Ax+ B .
———— in the expansion
ax? +br +c
B ) 2x2—x+4%2x2—x+4 A+B:r+C
— Example: =—
P 3 + 4z x(z? +4) x 22 +4

* 202 —x+4=A@*+4)+ (Bx+C)x

A+ B=2 A=1
* Expand: 22° —2+4=(A+ B2’ +Cr+44 — {C=—1 = (B=1
4A =4 C=-1

22 —x+4 1 r—1
* Therefore ———— = — + ———
eretore 3 + 4 x + z2 44

1 1 T
— To integrate the quadratic terms: / -5 dr=- tan ! (7)
¢+ a a a



Ax + B Ax + B

— In general to integrate ——————, complete the square ——————— then make the
8 & ar® +bx+c P d (ex+ f)2+4g
. . . . Cu+ D . L U
substitution u = ex + f so the fraction is now ————, which can be split into — (can
u“+g u + g

D
use substitution) and P (can use the expression above)
u g

7/27”“(19;—/ S S S
224+z+1 ) 224+ +41 2 +zr+1
1
(z+3)" +3
2 2 1
=hnlz®+z+1 +tan_1<<m+>)+0

4. @ contains repeated irreducible quadratic factors: Similar to 2, each factor corresponds to terms

A1$+Bl AQ.I'-FBQ R An$+Bn
ar>+br+c  (ax?+bx+c)? (ax? + bx + )™
Az+B A 2z + B 28 - B
(@24 Br ) 2 (x2+5x+7)2+(x2+ﬁx+7)2

* The first can be directly solved using substitution, the second needs completing the square
and then using trig substitution
e We can convert the irreducible quadratic terms into complex linear terms:
. Example: / B
xample: ) ] | i
T
" Try 2+ 1 _x—l—iJra:—i
* 2z = A(x — 1) + B(z + 1)
*r=1 = 2i=2iB = B =1similartly A=1
* Integrating we get In|z 4 4| + In|z — 4| + C' and the arguments of In multiply to get us 2% + 1
back

b
~ In(a +1ib) =Inv/a2 + b2 +itan" <)
a

* Example: | —— dx
P 2241
o Nonrational functions can be made rational by an appropriate substitution

vV 4
— Example: / T dz
x

* Tet u=+vVz+4thenu?® =244 — x:u2—4anddx:2uduso/

2u? 4
/u2_4du2/<1+u2_4> du

x
o Weierstrass substitution: ¢t = tan —

vr+4
- der =

— This allows us to convert ratios of sines and cosines to rational functions

) 2t 1—¢2
— SIN¥ = ——,C08L = ———
1+ ¢2 1+ ¢2
—de=——d¢
1+ t2



1
- E le: | ———d
ampie /1+cosx .

—/71 72 dt
- 1—t2 2
1+ e 1+¢

2
:/(1+t2)+(17t2)dt
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