Lecture 4, Jan 17, 2022

Trigonometric Integrals
Powers of Sines and Cosines

e When we have powers of sines and cosines, try to convert it to only one sin and the rest cos or one cos
and the rest sin to u-sub
« Even powers can be converted using sin® z + cos?z = 1

— Example: /cos3 rdx = / cos? x cos x dx

= /(1 —sin®z) cos x dx

:/(1—u2)du
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e For odd powers, separate a single factor and convert the remaining even power

P .
— Example: / sin®  cos® x dz = /(1 — cos® z)?sin z cos® z dx
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o Half-angle identities: cos(2x) = cos? 2 — sin? 2 and cos(2x) = cos? z — sin? z
= cos(2z) +1=2cos’z = 1 —cos(2x) = 2sin*z
1 1
— cos’z = 5(1 + cos(2x)) — sinx = 5(1 — cos(2z))
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— Example: / sin®zde = 5 / 1 — cos(2z) dx
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— Example: sin? zdz = /(sin2 r)%dx

:/@(1_(;05(295)))2 dz

= %/ (1 + cos?(2z) — 2cos(2z)) dz
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= Z/ <1 + %(1 + cos(4x)) — 2005(2x)) dx

_ i/ (;’ + %cos(élz) - 2cos(2x)> do
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=1 (2x —sin(2z) + 3 5111(43:)) +C
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=3%~ 7 sin(2z) + 2 sin(4z) + C



o Remember sinxz cosz = 3 sin(2z)

e Summary of strategy for / sin™ x cos™ x du:

— If m is odd, save one sine factor and convert the rest to cosine; likewise for n
— If both powers are even, use the half angle identities

Powers of Secant and Tangent
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e Similar to sine and cosine since T tan x = sec” x; use identity 1 + tan“x = sec” x
T
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e Remember — secx = tanx secx

dx
o Example: / tan® zsec! zdz = / tan® zsec? 2(1 + tan? z) dz

= /uﬁ(l +u?) du
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o Example: / tan® zsec’ xdx = / tan® z sec® zsec x tan x dz = /(8602 x —1)?sec® rsecz tan x dz

- /(u2 1Y% du
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o Remember /tanxdx = In|secz| + C and /secxdx = In|secx + tanz| + C

o For / tan™ x sec” x dx:

— For even power of sec, save one sec? z, convert the rest to tangent, and substitute u = tan z
— For odd power of tan, save one tan for a tan x sec z, cover the rest of tan? to secant, then substitute
u=secr = du =tanzsecxdx

e We may have to integrate by parts; example: / secd rdx = secztanx — /(sec x tan x) tan x dx
=secrtanz — / secz(sec’ v — 1) dz
=seczrtanz — /sechdx + Infsecz + tanz| + C

— Now we can solve for / sec® x dz since it appears on both sides

Product-To-Sum

o Integrals of the form /Sin(mx) cos(nzx) dz, /sin(mm) sin(nz) dx or /cos(mx) cos(nz)dx can be

solved using the product-to-sum identities
1
e sinAsin B = (cos(A B) — cos(A + B))

1
e cosAcosB = i(cos(A — B) + cos(A+ B))

1
e sinAcosB = §(sin(A — B) +sin(A + B))



Trigonometric Substitution

o Inverse substituting z for a trig function could simplify radicals of some forms
e v a? — x2: Substitute x = asinf — \/@2 —x2= \/a2 —a2sin0
=aVv1—sin?6
= alcos 0|
e Va2 + z2: Substitute z = atanf — \/@2 + 22 = \/a2 + a2tan26

=aV1+tan6

= alsecd]
e v/ x2 — a?: Substitute x = asec — \/952 —a? = \/a2 sec? 0 + a2

=av/sec?2 —1

= altan 0|

— Alternatively, use the hyperbolic substitution z = cosh?t = /22 — a2

V9 — 22 3cosl
Example: /Txdx:/ €Y 9 cosdf

9sin? 6

= /cot2 6de

= /(cs020 —1)de
=—cotd—0+C
— To return this to x, z = 3sinf = sinf = g — f=sin"! (%), draw a triangle with the right
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— For definite integrals we can just change the limits of integration to avoid having to convert back
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o Example: Find the area of the ellipse T + % =1
a

a2(cosh?t — 1)

asinht

sides and we get cot 0 =

— By symmetry we only need to worry about one quadrant where x,y > 0, so solving for y we have
b

y=—-va
a

— Substitute x = asinf = dx = acosdf; change the bounds of integration: z = asinf =0 —

0=0,x=asinl=a — sinf=1 = 0:%
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