
Lecture 29, Nov 21, 2022
Impulse Functions

• For some number ϵ we can define a delta epsilon function δϵ(t) = u0(t) − uϵ(t)
ϵ

=


1
ϵ

0 ≤ t ≤ ϵ

0 otherwise
• The Dirac delta function is lim

ϵ→0
δϵ(t)

– At a single point, the value is infinite
– The integral over the peak is 1

• L {δϵ(t)} = L
{

u0(t) − uϵ(t)
ϵ

}
= 1 − e−ϵs

ϵs
• Consider y′′ + y = I0δϵ(t), y(0) = 0, y′(0) = 0

– L {y′′ + y′} = (s2 + 1)Y (s)
– Y (s) = I0

ϵ
(1 − e−ϵs) 1

s(s2 + 1)
– Let H(s) = 1

s(s2 + 1) =⇒ h(t) = 1 − cos(t)

– Y (s) = I0

ϵ
(H(s) − e−ϵsH(s)) =⇒ y(t) = I0

ϵ
(u0(t)(1 − cos(t)) − uϵ(t)(1 − cos(t − ϵ)))

– yϵ(t) =


0 t ≤ 0
I0

ϵ
(1 − cos(t)) 0 ≤ t ≤ ϵ

I0 (cos(t − ϵ) − cos(t)))
ϵ

t > ϵ

– lim
ϵ→0

yϵ(t) = y(t) =

0 t ≤ 0

−I0
d
dt

cos(t) t > 0
=

{
0 t ≤ 0
I0 sin(t) t > 0

– y(t) = I0u(t) sin(t)

The Dirac Delta Function
Definition

The Dirac delta function is the function δ(t) with the following properties:
• δ(t − t0) = 0 whenever t ̸= t0

•
� b

a

δ(t − t0) dt =
{

1 a ≤ t0 ≤ b

0 otherwise

•
� b

a

f(t)δ(t − t0) dt = f(t0)

• Using the sifting property, we have L {δ(t − t0)} = e−st0 and so L {δ(t)} = 1
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