Lecture 9, Sep 29, 2021

The Derivative

h
e Define the derivative f'(a) = gin%) (a+ f)L (a) if it exists, where a € domain of f(z)
—
o Example: f(z) =2°, f/(1)
- fA+h) = f(1)
_ 4 e
F(1) = fim, h
3 _ 12
— lim (1+h) 1
h—0 h
. 1+3h+3h*+h*—1
= lim
h—0 h

= lim [h® 4 3h + 3]
h—0

= 3 by the Polynomial LT
— h disappears here; it is a dummy variable and the derivative does not depend on it
e With the rigorous definition of the derivative, we can now define rigorously the slope of a tangent,
velocity at an instant, etc

Derivative as a Function

e f'(a), the derivative of a, is just a number
fl@+h) - f(=)
h
o Just like before, h will still disappear when the limit is evaluated, so f’(x) is only a function of z
e In evaluating the limit, we treat = as if it were a constant
o If f'(a) exists at a, then we define f(x) to be differentiable at a
— If f(x) is differentiable at all € domain of f(x), then we define f(x) to be a differentiable function
« Example: Prove f(z) = 2" = f'(x) = na" ! for positive integer n
— Note the binomial theorem:  (a + b)"

_ Z (Z) an—kpk
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=a" +na" b+ n

o We can define a new function f'(z) = }1111% ; now both x and h are variables
—

(@4 )~ f(2) 2 3
gt T+ — Jlx
fz) = Jimy h
= lim (@ +h)" — 2"
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= }ILII% nxn71 —+ %xn72h 44 h’l’L*l
—
= na" 1
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