Lecture 6, Sep 21, 2021

e The minimum function lets us unambiguously prescribe multiple things about a variable

« Example: Prove lim z? = 25
T—5

1. € > 0is given

Required |f(z) — L| = |2#? — 25| < ¢

. WhenO< |z —c|=|z—5]<¢

. |a® =25 = |(z — 5)(z + 5)| = |z — 5[]z + 5] < 8|z + 5|
— Now we need to get rid of |z 4+ 5| by specifying an additional feature of ¢
— Ifwespecifyd <1 = |z—-5|<d0<]1 = 4<2<6 = 9<2+5<1l = |z+5|<11
— |45/ <1l = Jlz+5/<11d = |z —5||z+5| < 11§

5. Nowwecantakeéz% = |f(z) - Ll =]z —5|lz+5| <1l =¢

6. Include constraint § < 1: Notice how anything smaller than 15—1 works, so we can say § =
min (i 1)
11’

Left and Right-Hand Limits

INIUIN

1+2° >0
Consider f(z) = 2+ Tore ; in this case lim f(z) does not exist
T <0 z—0

We can define the left-hand limit: lim f(x) and the right-hand limit: lirg+ f(x)
z—0~ T—r

The definition of the left and right hand limits are slight modifications to the normal limit:
— Right-hand: lim, f(z)=L < Ve >0,30 >0such that Ve <z < c+4,|f(z) — L| <e¢
Tr—rC

— Left-hand: lim f(x) =L <= Ve > 0,30 >0suchthat Ve —d <z <c¢,|f(z) - L|<e
Tr—Cc

— We can then conclude that lim f(z) = L <= lim+ f(z) = lim f(z)=1L
T—c xTx—C r—cT
o Example: Prove lim /z =0
z—0t
1. £ > 0is given
. Required |f(z) = L| =|vVz - 0| =Vr <e
3. When0<z <6

4.z < V5
5 Taked =¢2 — |f(z)— Ll =vVz<Vi=¢

[\]

Vertical Asymptotes and Infinite Limits

1
o e.g. f(z) = — goes to infinity at 0
x
o The definition of an infinite limit liin f(z) =00 <= VM > 0,35 > 0 such that Y0 < |z — ¢| <
T c
5, f(x) > M

— Note that this is not an equation since oo is not a number!

1
— lim — does not exist, but writing lim f (x) = oo is valid and tells us more than just saying it does
x—0 I T—cC
not exists

— This is just a shorthand of saying “f(z) increases without limit as  approaches ¢”
e From this definition we can similarly construct definitions for limits of negative infinity and infinite
one-handed limits

+ Example: lim — = o0
x—0

1
— — > M when 0 < [z| <4
x
||<5:>1<1 = 1< !
- e = e
5 || ot [t
1 1 1

— - <—=M
Mi bzt ot
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